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Chapter 1

A Recap of Undergraduate Topology

We begin by making a few slightly non-standard notational choices.

( )

Notation. Given a function f : X — Y and a subset A C X, we write
fIAl ={f(x) eY | x € A}
In similar fashion, given B C'Y, we write

f[B] = {x € X | f(x) € B}

J

The reason it is important to distinguish between the notations f(A) and f[A] is that there might
be a situation in which A € X and A C X. We will not make any more notational choices at this
stage that differ from standard mathematical conventions. As and when we do, we will introduce

them.

We now recall basic facts about metric spaces.

1.1 Metric Spaces

Recall the definition of a metric space.
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Definition 1.1.1 (Metric Spaces). A metric space is a pair (X, d) consisting of a set X
and a function d : X x X — R such that

1. forall x,y € X, d(x,y) >0 for all x,y € X

2. forall x,y € X, d(x,y) =0if and only if x =y

3. forall x,y € X, d(x,y) =d(y, x)

4. forall x,y,z € X,

d(x,z) < d(x,y)+d(y, z)

We call the function d a metric on X.

.

We give several familiar examples.

Example 1.1.2 (Some Familiar Metric Spaces).

1. R" under the Euclidean metric

d(x,y) =

forall x=(x1,...., %),y =1,...,¥n) ER"
2. Any set X under the equality metric

0 ifx=y

1 ifx#y

d(x,y) =

forall x,y € X

3. Any subset Y C X of a metric space (X, d) under the restriction of d to Y x Y C
X x X.

4. Given two metric spaces (X1, di) and (X3, db), there are numerous viable metrics we
can define on X; x X5. One of them would be taking the maximum of d; and do;

another would be the sum; a third would be

d((x1 1), (32, y2)) = V/d(xa, 1) + d (o, y2)°

for all (x1,y1) € X1 and (xz, y2) € Yo. We define this third metric space to be the
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product metric, and it is easily seen that the product of Euclidean spaces (under the
Euclidean metric) is indeed a Euclidean space (under the Euclidean metric).
5. The set C°([0, 1]) of continuous functions from [0, 1] to R under the supremum metric

d(f.g) = |If —glle = sup [f(x) — g(x)|

x€[0,1]

for all f, g € C°([0,1]). More generally, any compact set works (not just [0, 1]).
6. The set C°([0, 1]) under the metric

d(f,g) = \/ / (F(x) — £(x))? dx

for all £, g € C°(]0, 1]), which we know is positive-definite because continuous func-
tions that are zero almost everywhere are zero (and nonnegative functions whose
integral is zero are zero almost everywhere).

7. Consider the set

x, € R and Zxﬁ<oo}

n=0

P(R) = {(Xn)neN

We can define the /> metric on this set by

for all x,y € I>(R). More than showing that this satisfies the properties of a metric,
what is tricky here is showing that this metric is well-defined. But this is doable, and

we will end the discussion of this example on that note.

After this barrage of examples of metric spaces, we are finally ready to move onto more interesting

definitions.

1.1.1 Continuity of Functions

We begin by discussing the notion of continuity of functions between metric spaces.
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Definition 1.1.3 (Continuity). Let (X, d) and (X', d’') be metric spaces. We say that a
function f : X — X’ is continuous at a point x; € X if for all € > 0, there exists a

6 > 0 such that for all x € X, if d(x,x) < 6, then d'(f(x), f(x0)) < €. We say that f is

continuous if f is continuous at every point xp € X.

We mention two interesting facts that we do not bother to prove.

Exercise 1.1.4 (Argument-Wise Continuity of Metrics). If (X, d) is a metric space, for all

a € X, the function
x—d(a,x): X =R

is continuous.

Exercise 1.1.5 (Composition of Continuous Functions). A composition of continuous func-

tions is continuous.

1.1.2 Sequences, Convergence and Uniqueness of Limits

We recall what it means for a sequence to converge in a metric space.

Definition 1.1.6 (Convergence of a Sequence in a Metric Space). Let (X, d) be a metric

space, and let (x,) C X be a sequence in X. Given some x € X, we say that x,

neN

converges to x, denoted x, — x, if Ve > 0, 3N € N such that Vn > N, d(x,, x) < . We

say x is the limit of x, as n — oo.

We can show that limits in a metric space are unique.

Proposition 1.1.7. Let (X, d) be a metric space and let (x,),.y € X be a sequence in X.

There is at most one x such that x, — x.

Proof. Suppose, for contradiction, that there exist distinct points x, x' € X such that x, — x and
x, — x'. Pick € := d(x,x") /2. For this &, we know there is some N € N such that for n > N,

d(xn, x) < €. Similarly, we know there is some N’ € N such that for n > N, d(x,, x') < €. Pick
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M := max(N, N') + 1. Then, applying the fact that d(xuy, x) = d(x, xu),
d(x, x") < d(x,xm) + d(xm, x') < e+ =d(x,x)

which clearly is a contradiction. So, x and x’ cannot be distinct. O

Finally, we discuss topological properties of subsets of topological spaces.

1.1.3 Open and Closed Sets

We recall the definition of an open ball.

Definition 1.1.8 (Open Ball). Let (X, d) be a metric space. Fix a € X and € > 0. We

define the open ball of radius ¢ centred at a to be

B.(a) :={be X | d(a b) < e}

The reason for the term ‘open’ in the above definition is the following definition.

Definition 1.1.9 (Open Sets). Let (X, d) be a metric space. We say that U C X is open

if for all a € U, there exists some £ > 0 such that B.(a) C U.

It is easy to see that an open ball is indeed an open set.

We can also define a dual notion.

Definition 1.1.10 (Closed Sets). Let (X, d) be a metric space. We say that U C X is

closed if its complement X \ U is open.

We recall basic properties of open and closed sets.
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Proposition 1.1.11. Let (X, d) be a metric space.
1. Both @ and X are both open and closed.
2. An arbitrary union of open sets is open.

3. A finite intersection of open sets is open.

We omit the proof, because it is easy and basic.

We are now ready to venture into more general waters.

1.2 Introduction to Topological Spaces

A topological space, broadly speaking, is one in which we wish to be able to discuss the notion of
convergence without depending on the notion of distance. The definition of convergence in metric
spaces really only relies on the openness of open balls. We can generalise it merely by generalising

the definition of open sets.

We begin by defining the notion of a topological space.

e )

Definition 1.2.1 (Topological Space). Let X be a set. A topology on X is a family 7 of
subsets of X such that

1.0, Xer

2. T is closed under arbitrary unions

3. T is closed under finite intersections
We say a subset of X is open with respect to a topology T if it lies in T and closed if its

complement lies in 7. We call the pair (X, 7) a topological space.

J

The terminology for open sets is visibly consistent with the terminology used in metric spaces. In
fact, this is exactly what Proposition 1.1.11 demonstrates: that the open sets of a metric space,
defined as in Definition 1.1.9, do indeed define a topology on it. Every metric space is thus also a
topological space. Note that sets can be both open and closed, such as @ and the entire set, just

as with metric spaces. We sometimes refer to such sets as being “clopen”.
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1.2.1 Sequences, Convergence and Limits

The reason why we introduced topological spaces to begin with is because we wanted a more
general setting in which to talk about convergence. The question is, what is the best way of

talking about convergence in arbitrary topological spaces?

Since every metric space is a topological space, and seeing as we already have a notion of conver-
gence in metric spaces, we would want to define the notion of convergence in a topological space
to be a generalisation. To that end, we restate the definition of convergence in metric spaces using

only the language of open sets.

Proposition 1.2.2. Let (X, d) be a metric space. For every sequence (x,),.y € X, the
following are equivalent:

1. x, converges to x as in Definition 1.1.6

2. For every open set U C X such that x € U, there is an N € N such that for alln > N,

x, € U.

We do not prove this proposition here, but note that it is not difficult to prove.

Since the second statement in Proposition 1.2.2 does not actually mention any metric space

properties of X, it is a viable definition for convergence in topological spaces.

Definition 1.2.3 (Convergence of a Sequence in a Topological Space). Let (X, T) be a
topological space, and let (x,),.y € X be a sequence in X. Given some x € X, we say that
x, converges to x, denoted x, — x, if for every open set U C X such that x € U, there

is an N € N such that for all n > N, x, € U.

J

Proposition 1.2.2 essentially tells us that if (X, d) is a metric space, then Definitions 1.1.6 and 1.2.3
are equivalent, where we apply Definition 1.2.3 to the topological space structure induced by the

metric space structure.

Example 1.2.4 (Convergence in the Indiscrete Topology). Consider a set X along with the
indiscrete topology (ie, view it as the topological space (X, {0, X})). Then, every sequence

converges to every point.
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Example 1.2.4 demonstrates that the uniqueness of limits seen in Proposition 1.1.7 does not always

hold in topological spaces. See Definition 1.2.5 for more.

Note that going forward, we often omit the topology when talking about topological spaces, unless

it has specific properties that are essential for our purposes.

Recall that limits in a metric space are unique (Proposition 1.1.7). We noted that this is not always
true, but we are interested enough in distinguishing spaces where this is true from spaces where

this is not true that we have a name for such spaces.

Definition 1.2.5 (Hausdorff/T, Spaces). Let (X, T) be a topological space. We say (X, T)
is Hausdorff, or T,, if for all a, b € X with a # b, there exist U,V € T such that a € U,
beVand UNV =0.

The Hausdorff/T, property is an instance of a separation property. There are many more such
properties, including Ty, T3, T3%, and Ty, and it is highly non-trivial to prove facts like T, — T3%.

We will see such things as the course progresses.

Note that Proposition 1.1.7 tells us precisely that Metric Spaces are Hausdorff/T,. Indeed, this
tells us that Hausdorffitude is a necessary condition for a topology on a space to be metrisable—
that is, for it to be induced by a metric. In particular, Example 1.2.4 tells us that the indiscrete
topology is non-metrisable. There is the more interesting question of what conditions might be
sufficient for a topology to be metrisable. Metrisability is, indeed, highly non-trivial property, and

we will see some metrisation theorems in this course.

1.2.2 Continuity

Just as we generalised the notion of convergence from metric spaces to topological spaces, so too

can we generalise the notion of continuity.

Definition 1.2.6 (Continuity). Let X and Y be topological spaces, and let f : X — Y be
a function. We say f is continuous if for every U C Y open in Y, the pre-image f1[U] is

open in X.
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It is easy to show that Definition 1.2.6 is equivalent to Definition 1.1.3. We do not do this here.

There are many examples of continuous functions, some familiar and some slightly pathological.

Example 1.2.7 (Weird Topologies lead to Weird Notions of Continuity). Let X and Y be
topological spaces.
1. If X and Y both have the discrete topology on them, then any function f : X — Y
is continuous, because all subsets of X and Y are open.

2. If X and Y both have the indiscrete topology on them, then sorry

1.2.3 Interiors and Closures

We briefly discuss how to “make subsets of a topological space open or closed’. We do this by

defining interiors and closures.

Definition 1.2.8 (The Interior of a Set). Let X be a topological space and let A C X. We

define the interior of A, denoted int(A) or A°, to be the union of all open subsets of A.

Note that int(A) is always open. Moreover, it is the largest (with respect to inclusion) open subset

of A. Finally, note that the sets that are equal to their interiors are precisely the open sets.

We have a ‘dual’ notion of interiors that capture closure properties.

Definition 1.2.9 (Closure). Let X be a topological space and let A C X. We define the
closure of A, denoted cl(A) or A, to be the intersection of all closed subsets of X containing

A.

Dually to the interior, cl(A) is always closed. Moreover, it is the smallest (with respect to inclusion)
closed subset of X containing A. Finally, note that the sets that are equal to their closures are

precisely the closed sets.
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1.3 A Closer Look at Topologies

1.3.1 Bases and Sub-Bases

It is interesting to talk about whether a topology can be generated by a family of subsets by taking

unions. In the case of metric spaces, it is not difficult to show that this is true.

Proposition 1.3.1 (Metric Space Topologies are Generated by Open Balls). Let (X, d) be

a metric space. Any U C X is open if and only if U is an open of open balls.

Proof. Proposition 1.1.11 tells us that if U is a union of open sets, then it is open. Conversely, for

all x € U, there is some €, such that B, (x) C U. Then, it is easily seen that

U=JB..(x

xeU

showing that U is a union of open sets. O

We have a special term for families of open sets that ‘generate’ a topology.

Definition 1.3.2 (Basis of a Topology). Let (X, T) be a topological space. A basis for T

is a subset B C 7 such that every U € 7 is a union of sets in B.

Proposition 1.3.1 tells us precisely that the open balls in a metric space form a basis for the

topology induced by the metric.

We have a nice criterion to check if a subset of a topology is a basis.

Proposition 1.3.3. Let (X, T) be a topological space. Let B C 7. TFAE:
1. B is a basis for T.
2. X is a union of elements of B. Moreover, for all U,V € B, UNV is a union of

elements of B.

It is immediate that the first statement implies the second. The converse is an exercise in set

algebra, which we do not do here.
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It is also possible to define bases using ‘sub-bases’. To that end, we have a preliminary fact.

Lemma 1.3.4. Let X be a set and let TT be a non-empty set of topologies on X. Then,
(IM={ACX|Vreml Ac}

is a topology on X.

We do not prove this here. We merely mention that the proof has the same flavour as such

statements in algebra as “an arbitrary intersection of subgroups/ideals/subfields is a subgroup/ide-

al/subfield”.

A particular consequence of the above is that we can make the following definition.

Definition 1.3.5 (Topology Generated by a Set). Let (X) be a set and let C be any

collection of subsets of X. We can define a topology on X by
m(C) := m{'r a topology on X | C C 1}

We call this the topology on X generated by C.

Note that it is always possible to define a topology generated by a subset, since TTI(C) is always

non-empty: it always contains the discrete topology.

We can now define a sub-basis of a topology.

Definition 1.3.6 (Sub-Basis of a Topology). Let X be a set and let C C X. If 7 is the

least topology of X that contains C, then we say that C is a sub-basis of 7.

Indeed, any subset is a sub-basis of some topology, namely, the topology it generates.

1.3.2 New Topologies from Old Ones

There are numerous techniques to define new topologies from old ones. We begin with the most

obvious definition imaginable.
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Definition 1.3.7 (The Subspace Topology). Let X be a topological space. Any subset
Y C X inherits a topology from X, known as the subspace topology, the open sets of

which are precisely those sets of the form U NY for open sets U C X.

With that out of the way, we move onto more interesting examples.

We begin with a topology that is defined using continuity of functions.

Definition 1.3.8 (Initial Topology). Let X be a set. Given an index set Z, topological
spaces X; and functions f; : X — X; for i € Z, we define the initial topology on X with

respect to X; and f; to be the least topology on X (with respect to inclusion) such that

for all i € Z, f; is continuous.

Note that it is always possible to do this, because at worst, we the discrete topology on X renders

continuous every function from X to any topological space.

Given the definition of continuity (Definition 1.2.6), it is possible to be explicit about the initial

topology.

Lemma 1.3.9. Let X,Z, X;, f; be as in Definition 1.3.8. The corresponding initial topology

T Is given by

r={fUICX|ieTandUC X is open}

We give an important example illustrating the notion of an initial topology.

Example 1.3.10 (Products). Let 7 be an index set and let X; be topologies. Consider the
Cartesian product X of these X;, defined as follows:
X=T]Xi={(x)ez | Vi € Ix; € X;}
i€z
We know (either by the category theoretic definition of a product, of which the Cartesian
product is the instance in the category of sets, or by sheer common sense) that there are

projections 7; : X — X; that map any (Xj)jeI to x;, indexed by i € Z. We can compute the




Chapter 1. A Recap of Undergraduate Topology Page 17

initial topologies of these projections to obtain a topology on X.

We can give a special name to the topology defined above, which is a key way of constructing new

topologies from old ones.

Definition 1.3.11 (The Product Topology). Let Z, X;, X, m; be as in Example 1.3.10. We

call the initial topology of the 7; the product topology on X.

We can give a more explicit description of the product topology.

Proposition 1.3.12. LetZ, X;, X, 7; be as in Example 1.3.10 and Definition 1.3.11. Then,
1. A sub-basis of the product topology is given by all sets of the form

{(Xj)_je_’[ ‘ X € U}

fori € T and U C X; open.

2. A basis of the product topology is given by all sets of the form

{(Xf)jeI ‘ x, €Uy, ..., x, € U,.,}

forneN, iy,...,ip € Z, and Uy C X;, open for1 < k < n.

We do not prove this here.

Dually to how we defined a topology on the Cartesian product of spaces as the initial topology of
the projections, we can define a topology on any subset of a space as the initial topology of the

inclusion.

Finally!, we define the final topology.

Definition 1.3.13 (Final Topology). Let X be a set. Given an index set Z, topological
spaces X; and functions f; : X; — X for i € Z, we define the final topology on X with

respect to X; and f; to be the largest topology on X (with respect to inclusion) such that

IPun intended
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l for all / € Z, f; is continuous. J

Remark. To state it explicitly, we observe that if X has more open sets (i.e. the topology on X is
“larger”), then it is “harder” for a function f; : X; — X to be continuous (as f,"*(U) must be open

in X; for all open U C X, which forces the topology on X; to be larger as well).

Note that it is always possible to construct a final topology, because at worst, we the indiscrete

topology on X renders continuous every function into X from any topological space.

Given the definition of continuity (Definition 1.2.6), it is possible to be explicit about the initial

topology.

Lemma 1.3.14. Let X, Z, X;, f; be as in Definition 1.3.13. The corresponding initial topol-
ogy T Is given by

T={UCX|ieZandf*(U)C X;is open}

There are many good examples of final topologies, some of which are likely to be familiar to the

reader.

Example 1.3.15 (Topologies on Quotients). Let X be a topological space and let ~ be
an equivalence relation on X. Let g : X — X/N be the canonical surjection from X to the

quotient set. The final topology of g is a topology on X/N.

We give a special name to such a topology on a quotient.

Definition 1.3.16 (Quotient Topology). Let X, ~, and g be as in (1.3.15). We call the

final topology on X/N with respect to X and g the quotient topology.

Note that the above definition really applies to all situations where X is a topological space and
Y is a set such that there is a surjection g : X — Y in this case, Y is essentially the quotient of

X by the relation ~ where x ~ y iff f(x) = f(y).

We can express the quotient topology in a more familiar way.
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Proposition 1.3.17. sorry

1.3.3 Separation Properties

Throughout this subsection, let X denote a topological space.

We recall the definition of T, spaces from Definition 1.2.5. Definition 1.2.5 already exists btw -

just link to it or smth if you want

Definition 1.3.18 (T, (i.e. the Hausdorff condition)). We say that a topological space is
T,, or Hausdorff, if Vx # y there exist open sets U, V such that x € U, y € V that we have
unv==>0

There is also a (weaker) notion of separation called the T; property.

Definition 1.3.19 (T; property). We say that X is a T; space if for all distinct x,y € X,
there is an open set U C X with x € U and y ¢ U.

We can give an equivalent characterisation of the T; property.

Proposition 1.3.20. X is Ty if and only if every singleton in X is closed.

Proof. First, notice that in the trivial cases where |X| = 0 or |X| = 1, we are done. So, going

forward, assume that X contains at least two distinct elements.

(=) Assume that X is T;. If | X| = 1, then we are done. Fix x € X and consider the singleton
{x}. We know that for any y € X \ {x}, there exists some open U, C X such that y € U,
and x ¢ U,.? Then, it is easy to see that

X\{x= U b
yeX\{x}
Indeed, the C inclusion is obvious, since y € U, for all y € X\ {x}, and the D inclusion is

also clear because x does not lie in any of the U,. Since each U, is open, so is the union of

2Define a pairing (y, Uy) from the definition of X being T using the Axiom of Choice.
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all of them, making X \ {x} a union of open sets, hence open. Thus, {x} is closed.

( <) Assume that every singleton {x} C X is closed. Then, fix x,y € X and assume x # y.
Since {x} is closed, X \ {x} is open, and since x and y are distinct, y € X \ {x}. Thus,

X\ {x} is an open subset of X containing y but not x.

Therefore, the T; condition is equivalent to the condition that every singleton is closed. ]

There is a notion that is weaker still.

s a

Definition 1.3.21 (T, property). We say X is a Ty space if for all distinct x,y € X,
{UC X |Uisopenand x e U} #{V C X |V is open and y € U}

That is, either there is an open set U with x € U and y ¢ U or there is an open set V with
yeVand x ¢ V.

Remark. We emphasise that here, we are not able to choose which of x and y is contained in the

open set U witnessing the Ty property.

Before we give a classic example of a Ty topology, we recall the definition of a partially ordered set

(also abbreviated ‘poset’).

- ~

Definition 1.3.22 (Partial Order). Let P be a set. We say that a binary relation < on P
is a partial order if it is reflexive, antisymmetric and transitive. We call the pair (P, <) a

partially ordered set, often abbreviated poset.

There are many familiar examples of posets in mathematics.

Example 1.3.23 (A Collection of Sets as a Poset). Given any collection of sets, the col-
lection can always be ordered by inclusion. So any time you take a family of sets and order

them by inclusion, you will wind up with a poset structure.

Given that topologies are sets of sets, in particular, topologies are also partially ordered by inclusion.

Thus, we will find the theory of posets to be quite useful throughout this course.
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There is also a “converse” relationship between posets and topology: we can define a topology on

any poset by taking advantage of the properties of the partial order.

Example 1.3.24 (A T, Topology on a Poset). Let (P, <) be a poset. We introduce a

topology 7 on P as follows: we deem a set U C P to be open iff for all p € U,
{gePlg<P}CU

That is, we define the open sets to be precisely those U that contain all downward cones of

elements in U. We can show that this is, indeed, a topology on P.

.

The topology described in Example 1.3.24 is the ‘natural’ topology for forcing posets in set theory.

1.4 A Closer Look at Continuity

1.4.1 Neighbourhoods and Neighbourhood Bases

Next, we introduce the notion of a neighbourhood.

Definition 1.4.1 (Nbhd). We say that a point x € X has nbhd A C X if there exists some
open set O C X such that x € O C A.

Abbreviation. Because nobody has the time to write “neighbourhood” more than a few

times in their life, Professor Cummings will abbreviate it by “Nbhd" in the future. We will

not, by default, assume that a neighbourhood (or nbhd) of a point is open.

- 7

We can talk about neighbourhoods in a collective sense, reminiscent of Filter.nhds in Lean...

s a

Definition 1.4.2 (Nbhd Basis). Given x € X, a nbhd basis for x is a set N of nbhds of
x such that for every nbhd A of x there exists some B € N such that B C A - equivalently,

for every open nbhd U of x there exists B € N such that B C U.
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Example 1.4.3 (The Closed Ball Nbhd Basis). Let (X, d) be a metric space. Fix x € X.
Let NV be a set of nbhds of the form

{y e X|d(x,y) <e}

for all € > 0. Then, this set all of closed balls at x is a nbhd basis.

\.

Remark. It is a “trivial fact” that if we have a neighbourhood basis at every point x € X, then we

can recover the topology of X. (See this as an exercise.)

Finally, we note that nbhds give us a definition of continuity that more closely resembles the

definition to which we are accustomed in metric spaces.

Proposition 1.4.4. Given topological spaces X andY and a function f : X — Y, TFAE:

1. f is continuous

2. for all x € X and N a nbhd of f(x), there is a nbhd M of x such that f[M] C N.

In particular, specialising second characterisation of continuity in the above result to a single point

gives us a way of talking about the continuity of a function at a single point.

1.4.2 Homeomorphisms

Throughout this subsection, fix topological spaces X and Y.

We first define the notion of open and closed functions.

Definition 1.4.5 (Open and Closed Functions). For any f : X — Y, we say:
e f is open iff for all open U C X we have f(U) openinY.
e f is closed iff for all closed C C X we have f(C) closed in Y.

Next, we define the notion of an isomorphism in the category of topological spaces.

Definition 1.4.6 (Homeomorphism). We say f : X — Y is a homeomorphism if f
satisfies the following conditions:

1. f is a bijection
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l 2. Forall U C X, U is open in X iff f[U] is open in Y J

We now mention an easy result (that effectively shows that homeomorphisms are isomorphisms in

the category of topological spaces).

Lemma 1.4.7. For any function f : X — Y, the following are equivalent:
1. f is a homeomorphism
2. Thereis g:Y — X such that

(a) g is continuous
(b) fog=idy
(c) gof =idx

We do not prove this result here.

We note that the continuity assumption on the inverse is strictly necessary:

Warning. A bijective continuous map need not be a homeomorphism!

This is because continuity is in some sense “one sided" (to take care of the other side, maybe we

will need to also require our map be open...).

We illustrate this using a simple counterexample.

-

Counterexample 1.4.8 (A Continuous Bijection that is NOT a Homeomorphism). Let X
be a set of cardinality at least 2. Consider the spaces (X, 71) and (X, 72), with 71 being the
discrete topology and T, being the indiscrete topology. Then, the identity function idx is a
bijection from (X, 71) to (X, 72); moreover, it is continuous because every function out of

(X, 1) is continuous. However, its inverse (which is also the identity) is not continuous.

1.5 Connectedness

Again, fix a topological space X. In this section, we discuss different notions of connectedness of

a toplogical space.
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Definition 1.5.1 (Disconnectedness). We say X is disconnected if there exist disjoint
open sets U,V C X with UUV = X. If U and V are disjoint ant cover X, we say that they

disconnect X.

Remark. One must be very careful when disconnecting sets: when you have a disconnected set
X, it is not at all obvious that the sets you use to disconnect X (namely, U and V) are actually

disjoint in the rest of X. (Remember this for your General Topology basic exam!)

We can use this definition to define connectedness in the obvious way.

Definition 1.5.2 (Connectedness). We say X is connected if X is not disconnected, ie,

if there do not exist disjoint open sets U and V that disconnect X.

As one would expect, we define connectedness for subsets to be connectedness with respect to the

subspace topology.

It turns out we can use the definition of connectedness to say something about the clopen sets of

a connected space.

Lemma 1.5.3. Let (A;),c; be some family of subsets of X indexed by some non-empty set
T such that
1. Foralli € I, A; is a connected subset of X
2. Foralli,jeZ, AinA; #0
That is, (A;) is a family of connected, non-disjoint sets. Then,
A=]JA
ieT

is a connected subset of X.

Proof. Suppose that A is not connected. Then, there exist open subsets U,V C X such that
A=(ANU)U(ANV)

with (AN U) and (AN V) being disjoint, non-empty, and proper subsets of A. Then, forany i € Z,
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we have that
A CA=(ANU)U(ANV)

Since the A; are all connected, we know that for all i € Z, either A; C U or A; C V. It turns out
that we can do better: either every A; is contained in U or every A; is contained in V. Indeed, if
this were not the case, then there would be /,j € Z with A; € U and A; € V. Then, we would
have A;NA; CUNV. Moreover, A;NA; C A, since A; C Aand A; C A. Thus,

ANV, CANNUNV =(AnU)N(ANV)

Finally, we assumed, in our setup, that A; N A; # 0, meaning that there is an element living in
the disjoint set AN U and ANV, which is obviously a contradiction. Hence, either every A; is

contained in U or every A; is contained in V.

Without loss of generality, say that every A; is contained in U. Then, A C U also, meaning that
ANU = A. Hence, ANV = 0, which contradicts the assumption that A is disconnected, because

disconnecting subsets must be proper. H

We next use the definition of connectedness to establish a “canonical’ decomposition of X.

1.5.1 Connected Components

Define the binary relation ~ on X such that a~ b <= JA C X with A connected and a, b € A.
We then claim that ~ is an equivalence relation, and (having shown this) we let the equivalence

classes of ~ partition X into sets X;.

Definition 1.5.4 (Connected Components). The connected components of X are the

equivalence classes in X/N, with ~ being defined as above.

Let us describe these equivalence classes. Fix x € X. Denote its equivalence class in X/N by [x].

Then, it is possible to show that
x| ={yeX |y~x}:U{A§X|x€AandAisconnected}

The C inclusion is clear, because [x] is itself connected, meaning that any y € [x] clearly lies in
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some connected subset of X containing x. Conversely, any element of any connected subset of X

containing x must be connected to x, putting it in [x].

Lemma 1.5.5. If A C X and A is connected, then cl(A) is also connected.

Proof. Suppose that cl(A) is not connected. then, there are open sets u,V C X such that
c(A) CUUV, c(A)ncl(B) =0, and cl(A) N U, cl(A) NV # 0. We can see, since A C cl(A),
that A= (ANU)U(ANV), with AnNUNV = 0. Since A is connected, we need either ANU =0

or ANV = 0. Assume it is the former. sorry O

Corollary 1.5.6. The connected components of X are closed subsets of X.

Proof. Fix x € X. Then, by Lemma 1.5.5, the closure cl([x]) of the connected component [x]
containing X is a connected subset of X. Since all such connected sets are contained in [x], we

have that cl([x]) C [x], meaning [x] is equal to its closure, making it closed. O

1.5.2 Preserving Connectedness

Surprisingly—or unsurprisingly—connectedness is not preserved by taking subsets.

Counterexample 1.5.7 (A Disconnected Subset of a Connected Space). We know that
R is connected under the Euclidean topology. Consider @ C R. We can clearly see that
(—oo, \/5) N Q and (x/i oo) N Q are disjoint, open, proper subsets of QQ that disconnect

it.

However, it turns out the image of a connected set in a continuous function is connected.

Lemma 1.5.8. Let X and Y be topological spaces. Let A C X be connected and let

f : X — Y be continuous. Then, f[A] is connected.

Proof. If not, let U,V C Y be open with f[A] sorry O

This allows us to construct many examples of connected spaces.
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Example 1.5.9 (Connectedness of the Unit Interval). Consider [0, 1] along with the sub-

space topology inherited from the Euclidean topology on R. We show that [0, 1] is connected.

Indeed, suppose [0, 1] is not connected. Then, there exist open sets U,V C [0, 1] such that
UuV =10,1]and UNV =0. Thus, 0 € U or U € V. WLOG, say 0 € U. Define

S=1{ac[0,1] ][0 a] C U}

Observe that S has the following properties.
1. 0 € S, so S is non-empty.
2. S is bounded above (by 1, for instance)

Therefore, S has a finite supremum (indeed, a supremum in [0, 1]). Denote this b.

b

Now, observe that b has the following properties.
1. b > 0. The reason for this is that since 0 € U and U is open, there is some € > 0
such that [0,€) € S. Thus, b>¢ > 0.
2. [0, b) C U. This is true by definition of b and S.
3. b € U. Otherwise, certainly b € V, and therefore, by openness, there is some £ > 0
such that (b — g, b] C V, but for all € > 0, we must have that b— ¢ € U by definition
of b (and S), and U and V are disjoint.

The idea is to show that b € UNV or b =1, a contradiction. sorry

1.5.3 Path Connectedness

Definition 1.5.10 (Path). Given X a space, let a, b € X. We say that a path in X is a
continuous function -y : [0, 1] — X satisfying y(0) = a,y(1) = b.

Remark. You may have many paths, be unable to use sub or super-scripts, but still need to name

them all. Professor Cummings is here to help: «, 8,7,9,€,{,m,0,t,k, A\, u, v, &, 7, ¢, p, etc.

As a preliminary, we note that we can compose paths to obtain new paths. (sorry)
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Definition 1.5.11 (Path-Connected Space). We say that X is path-connected iff for all

a, b € X there is a path from a to b.

It is possible to show that every path-connected space is connected (sorry), but not the other

way round (sorry).

1.6 Compactness and Completeness

1.6.1 Compactness

Recall that last time (when we were learning about Monsters) we showed the following facts:
e [a, b] is compact.
e A closed subset of a compact space is compact.
e If C C R (in the usual topology is closed and bounded, then C is compact.

Generally speaking, when we consider some new property of a topological space, it is worthwhile

to think about whether it passes to subspaces.

Lemma 1.6.1. Any continuous image of a compact set is compact.

Proof. Let C C X be compact with f : X — Y a continuous function. Letting F denote an open
cover of f[C] (i.e. a collection of open sets covering f[C]) , the collection of sets {f *[U] : U € F}
will give an open covering of C, and now the finite subcover of f[C] can be seen to follow from

the existence of our finite subcover of C (select finitely many U such that f~![U] cover C). [

Lemma 1.6.2. Given X a Hausdorff space with C C X a compact subset of X, necessarily
C is closed in X.

Proof. Given y ¢ C, for each x € C we let N(x) denote an open neighborhood of x disjoint from

some open neighborhood N,(y) of y. Noting that {N(x) : x € C} forms an open cover of C, as
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C is a compact set it follows that there exist finitely many x; € C such that {N(x;) : i < n} forms

an open cover of C.

But then we observe that N;-,N,.(y) = Nc(y) is a finite intersection of open sets containing y
which is disjoint from C. In particular, N(y) € X \ C. It follows that such an open neighborhood

must exist for every y € X\ C = X \ C is open = C must be closed. O

Remark. “This is just logic, in its most pejorative sense."

Before moving on, we pause here for a brief interlude which will allow us to proceed in more

generality (oh yay!).

Definition 1.6.3 (Bounded Subset). Let Y be a metric space, B C Y. Then we say that
B is "bounded” if and only if there exists some y € Y, C > 0 such that d(y, b) < C holds
for all b e B.

Let's get on the straight and narrow:

Lemma 1.6.4. If B is a compact subset of a nonempty metric space Y, then B is bounded.

Proof. We can choose y € Y and let U, = B,(y) = {x € Y : d(x,y) < n}. Then BC X =
Upen Un, and as B is compact and U, € U,41, it follows that there must exist some N € N such
that B C Uy (so by definition of a bounded subset, B is bounded). O

And now with all these lemmas at our disposal, it's time for another lemma (a “fact”):

Lemma 1.6.5. Let X be a compact space, and let f : X — R denote a continuous function.

Then if f is bounded, it must attain its bounds.

Proof. Let C = f[X]. As continuous images of compact sets are compact, f[X] must be compact,
and further as a compact subset of R it must be closed and bounded. If we now let M = sup(C) and
m = inf(C) then m < f(x) < M for all x € X. As C is closed, we must have m, M € C = f[X]

(and hence f must attain its bounds). O

Remark. C C R is in fact compact if and only if C is closed and bounded.
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Another brief digression - there are several “phrase-ologies” in use to compare various topologies:
Remark. Given topologies o, T both topologies on some space Z, we say that o is smaller (i.e.
weaker, coarser) than 7 is ¢ C 7, and correspondingly 7 is larger (i.e. stronger, finer).

Remark. X is compact if and only if, given any open cover O of X by basis elements, there exists

a finite subcover @' C O which covers X.

1.6.2 Completions in a Metric Space

For context, we have been speaking about completeness, and we are now going to build a new

complete metric space out of the Cauchy sequences in our metric space (X, d):
e Let (X, d) be a metric space, and let Z = {(x,)nen : (Xn)n is @ Cauchy sequence in X}.

e We first claim (1) that If (x,)n, (Vn)n € Z, then (d(xn, ¥a))n is @ Cauchy sequence in R - so
in particular, it has a limit d*((xs)n, (vn)n) = d*(x,y).

e We next claim (2) that the set of [x] = {y € Z: d*(x,y) = 0} for x € Z will partition Z,
or in other words, that R defined such that xRy <> d*(x, y) forms an equivalence relation

on Z.

e Now we claim (3) that d*(x, y) depends only on the classes of x = (x,)n, y = (Va)n € Z,
and we then define d([x], [y]) = d*(x, y).

e And then we claim (4) that d is a metric on the set of equivalence classes X.

e Jumping off from here, we let i : X — X such that i(x) = [(x,)a], wWhere (x,), =

(x, x, %, ...).
e We would claim (5) that d(i(x), i(y)) = d(x, y) (i.e. that i is an “isometric embedding").

e Then we clam that i[X] is dense in X, and that every point in X is the limit of a sequence

of points in i[X].
e (7) * We claim that (X, d) is complete. *

e (Then to finish, once can identify x € X with i(x) € X and viola.)
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So now that we have a way to construct a completion of X, then we have the following fact:

Lemma 1.6.6. /f X is a metric space and Y is a complete metric space with f : X —Y

an isometric embedding, then there is a unique f : X — Y which is an isometric embedding

with f | X = f.

Proof. Exercise! Or rather, “just do what comes naturally.” “I'm obviously being very glib. But

this is not the main topic of this course.” O

Remark. As an exercise, use the above to show that any 2 completions of X must be isomorphic.

Now is where the instructor exercises his freedom in determining the order of topics to cover...

Definition 1.6.7 (Subsequence). An infinite subsequence of an infinite sequence (x,)nen

is a sequence (x;, )nen Where i < ki1 holds for all k € N.

Definition 1.6.8 (Sequentially Compact). We say that X is “sequentially compact” if and

only if every infinite sequence has a convergent subsequence.

“| keep on saying this, then it keeps on being true.”

We now digress briefly to recall that convergence can be defined topologically (without reference

to a metric). We also have this fact that in a metric space X, for any A C X we will have
cl(A) = {x € X : there is some (x)n),en such that x, € A and x, — x}

and the proof of this fact is “a proof by extreme obviousness” that involves “ridiculously clear

contradictions” - in other words, the proof is an exercise. However

Next week, we will introduce the concept of “nets” to deal with this.
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Definition 1.6.9 (Limit Point). Given a space X and A C X with x € X, we say that x
is a “limit point for A" to mean that, for every open neighborhood U of x, there is some

z € AN U such that z # x.

The following is “a kind of logical truism” (which maybe seems less obvious than some of our other

obvious facts):

Lemma 1.6.10. c/(A) = AU{x € X : x is a limit point of A}.

In general topological spaces, sequential compactness and compactness are not the same (as

perhaps is to be expected) - however, in a metric space, the two notions do coincide.

1.6.3 The Relationship between Compactness and Completeness

Definition 1.6.11 (Totally Bounded). A metric space X is totally bounded iff for all

€ >0, X is a finite union of open g-balls.

The reason we define total boundedness is that it connects compactnss and completeness. Before

we can establish that connection, we need an intermediate lemma.

Lemma 1.6.12. Let X be a metric space, and let (x,), . be a sequence with no repetitions.

For all x € X, there is some € > 0 such that there is no n € N with x, = x and x, € B(x, €).

Proof. We argue by contradiction. Assume it does not hold. That is, assume there is some x € X
such that for all € > 0, there is n € N with x, # x and x, € B(x, ). Now, perform the following

steps.

Let g9 = 1. There is some x,, # x with x,, € B(x, &).

Let €1 := min(271), d(x, X, ). There is some x,, # x with x,, € B(x, £1).

Let £, := min(272), d(x, X, ). There is some x,, # x with x,, € B(x, &2).

e ... and so on.
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Then, one can show that each x,, satisfies d(x,,,x) < 275 One can then take an increasing

subsequence of these x,, and this gives us what we need. O

We prove another intermediate result, sometimes referred to as the ‘existence of a Lebesgue number

for open covers' when viewed in the context of metric spaces.

Lemma 1.6.13. Let (X, d) be a sequentially compact metric space, and let (U;),.; be an
open cover of X. There is some € > 0 such that for all x € X, there is i € T such that
B(X, £) g U,‘.

Proof. Suppose that this is not true. That is, suppose that Ve > 0, dx € X such that Vi € Z,
B(X,£) Z U,‘.

We consider a discrete sequence of ¢s tending to 0, such as the sequence (277), .. That is, for

all n € N, we know that there exists some x, € X such that Vi € Z, B(x,27") Z U..

Since X is sequentially compact, we can find a subsequence (x,,j) such that x, — x for some

JEN
x € X. Since (U;),c7 is an open covering, we know that there is some iy € T such that x € Uj,.

Since Uj, is open, there is some € > 0 such that B(x, ¢) C U;.

We choose k € N so large that both the following inequalities hold:

£ m €
d(x,,k,x)<§ 2 “<§
Then,
B(X,,k, 2_”k) C B(x,¢) C U;
which contradicts the choice of subsequence x,, . O

Theorem 1.6.14. Let (X, d) be a metric space. The following are equivalent:
(1) X is compact
(2) X is sequentially compact
(3) X is complete and totally bounded
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Proof. (1) = (2). Say X is compact, (x,), with x € X. If {x, | n € N} is finite then, by
the infinite pigeonhole principle there must exist some infinite constant subsequence (and
then we're done). Else, if ${x, | n € N} is infinite, we must be able to replace it with a

subsequence with no repetitions. Abuse notation and call this (x,),cy as well.

Towards contradiction, assume that (x,) has no convergent subsequences. We claim that for

all x € X, there is some € > 0 such that there is no n € N with x, = x and x, € B(x, ¢).

Lemma 1.6.12 effectively tells us that there are balls B(x, €,) for every x € X, with g, > 0,
such that for no n € N is x, = x and x, € B(x, ). In particular, these balls form an open
cover of X, and the assumption that x is compact tells us that this open cover has a finite

subcover. Enumerate this subcover

B(yl,&'yl) ey B()/s,é'ys)

Since (x,),.n has been trimmed down to have no repetitions, find now some n € N such

neN

that x, # x and x, # y1,...,ys. But there is some 1 </ < s such that x, € B(y;, €,,).

Thus, we have a contradiciton, meaning that (x,) must have a convergent subsequence.
(2) = (3). Assume X is sequentially compact.

e X is totally bounded. Fix £ > 0. Assume, for contradiction, that X is not a union of

finitely many open e-balls. Choose, by induction, some (x,),o such that
Xp & U B(x;, €)
i<n
Then, (x,),cy couldn’t possibly have a convergent subsequence, a contradiction. Thus,

X must be totally bounded.

e X is complete. Let (x,),.y be a Cauchy sequence. As X is sequentially compact, there
is some subsequence (xp,),.y such that x, — x for some x € X. We show that

X, — X.

Fix € > 0. Choose N; € N so large that for all /, j > N;, we have d(x;, x;) < 5. Choose
N> so large that for all k > N, we have d(x,,) < 5. Then, choose N = max(Ny, Ns).

By the triangle inequality, for all n > N, we have that d(x,, x) < €.
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(3) = (2). Suppose that X is totally bounded and complete. Fix a sequence (x;),cy. To show
that (x,) has a convergent subsequence, it is enough to show that (x,),.y has a Cauchy

subsequence.

Letting Ag C X be a finite set such that we can cover X with balls of radius 27%(= 1) such

that

x=U B2

y€Ao
We can do this because we know, by assumption, that X is totally bounded. Then it follows
by the infinite pigeonhole principle that there must exist some y € A such that Bi(y)

contains infinitely many points in our sequence - we now choose y = yp.

Next, we consider a covering of X by balls of radius 271. As there are infinitely many points
in B1(¥o), it follows that there must exist some y; such that Bo-1(y1) € Bi(yo) with infinitely
many points contained in By-1(y;). It follows by similar argument that we can choose some
yo with Ba-2(y2) € Ba-1(y1) C Bi(¥) with infinitely many points contained in By-2(y»),

and similarly for y3, ya, . . ..

After continuing in this manner, we claim that we have defined a Cauchy subsequence of
(x,): define x,, = y;. To show it is Cauchy, fix € > 0. Observe that given k < i/, with

nk < n;, we know that n, € Yy and n; € Y; C Yy, giving us that n; € Y. sorry

(2) = (1). Assume that X is sequentially compact. Since (2) = (3), we know that X is
complete and totally bounded. Now, fix an open cover (U;),.; of X. Since X is totally

bounded, X is a finite union of e-balls; that is, we can write

t

X ={JBlse)

s=1

By the choice of €, for all s, there is s € I such that B(ys,€) C U,,. So

proving that (U;),.; has a finite subcover. Thus, X is compact.



Chapter 2

Nets and Filters

In this chapter, we talk about nets and filters, both of which are very Bourbarki-esque. A net is a
generalisation of the notion of a sequence, which will allow us to do very interesting things in the

future.

2.1 Some “Completely Trivial Combinatorics”

Fix a topological space X.

2.1.1 Directed Sets and Nets

We recall the definition of a poset from earlier in the course (Definition 1.3.22). We begin with a

generalisation of this concept.

Definition 2.1.1 (Directed Set). A directed set is a poset (D, <) such that for all x,y €

D, there is some z € D such that x, y < z.

It is easy to extend the definition, by induction, to show that for any directed set (D, <) and n € N,

forall x1,...,x, €D, there is some z € D such that xq, ..., x, < z.
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Example 2.1.2 (Familiar Examples of Directed Sets).
1. (N, <) is a directed set.

2. If X is any infinite set, then the set
D={aC X||a < w}

ordered by inclusion is a directed set.

3. Let X be a topological space and x € X a point. Define
D{U C X | U is open and x € U}

D is ordered by the relation U <V <= V C U, and with this ordering, forms a

directed set.

Recall that at the start of the section, we fixed a topological space X. We define a net in X to

be a sequence in X indexed by a directed set.

Definition 2.1.3 (Net). A net in X is a function D — X, where D is a nonempty directed

set. We denote a net by (x,),.p, just as we would any sequence.

It is clear that every sequence N — X is a net (N, <) — X.

2.1.2 Convergence of Nets

What do we mean when we use words like “eventually” and “frequently’’? Let's find out.

Definition 2.1.4 (Eventuality of Occurrence). Let P(x) be a property of points x € X.

Let (Xa)aeD

b e D, if b > athen P(xp) holds in X.

be a net. We say P occurs eventually if there is some a € D such that for all

Definition 2.1.5 (Frequency of Occurrence). sorry

Next, we state what it means for a net to converge.

Definition 2.1.6 (Convergence). sorry
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We can say something about sorry.

Proposition 2.1.7. Consider a subspace A C X and a point x € X. TFAE:
(1) There is some directed set D and some net (x,),.p, such that the following both hold:
e x,€ Aforallac D

® (Xa),cp converges to x
(2) x € cl(A)
Proof.
(1) = (2). sorry
(2) = (1). Consider the directed set
D{U C X | U is open and x € U}

ordered by the relation U <V <= V C U (the third example in Example 2.1.2). We

claim we can find a net (xy),p such that xy € UN A. sorry

O

It is an “amusing (if not very useful) fact” that a space is Hausdorff if and only if nets have limits.

2.1.3 Subnets

Before we define what a subnet is, we define a property of maps between directed posets.

Definition 2.1.8 (Cofinality). Let E, D be directed posets. We say a function ¢ : E — D

is cofinal if for all d € D, there is some e € E such that d < ¢(e).

For the Topology Basic Exam, it is “good to know what the actual definition of a subnet is.”

Sounds like sage advicel(!!)
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Definition 2.1.9 (Subnet). Let (xy),p be a net in X. A subnet of this is some net
(Ve)eer together with a map ¢ : E — DD such that

1. ¢ is order-preserving.

2. ¢ is cofinal.

3. Ye = Xg(e) for all e € E.

Now that we have the right definition of a subnet, we define a very tempting mistake to make. It
is tempting to define the property of being a subnet to be a specialisation of the definintion given
in Definition 2.1.9 to the case where E C D and ¢ is the inclusion. While there do exist subnets

of this form, not every subnet takes this form.

2.1.4 Ultranets

This closely resembles the theory of filters and ultrafilters from set theory (or from Bourbaki, or

from the topological corners of mathlib).

Definition 2.1.10 (Ultranet). Let X be a topological space and let (x4),cp, be a net. We
say that (x4),cp is an ultranet if for all Y C X, at least one of the following holds:
1. There is some a € D such that for all b > a, we have x, € Y

2. There is some a € D such that for all b > a, we have x, ¢ Y

. y

The reason we said at least one of the conditions should hold is that the two are not mutually

exclusive. sorry
This is related to the concept of locales in Grothendieck topology.

Professor Cummings leaves us with the following “utterly trivial remark”.

Exercise 2.1.11. Let X and Y be topological spaces. If (x,),.p, is an ultranet in X and

f : X — Y is any function, then (f(xy))yep is an ultranet in Y.

Remark. “Inverse images play very nicely with complements in set theory...and I'm done, with a

little bit of fast talking.”
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2.2 Generalising Properties of Metric Spaces
To set the stage, recall that in a metric space X with A C X, we have
cl(A) = {x € X | 3(an)pey St an € Aand a, — x as n — oo}

Moreover, recall that a metric space X is compact if and only if X is sequentially compact, in the

sense that every sequence has a convergent subsequence.

We will show that in an arbitrary topological space, we can replace sequences with nets and subnets

and show that they still hold.

2.2.1 Compactness and Sequantial Compactness

While we know that compactness and sequential compactness are not equal in general topological

spaces, we show that they are if we use nets instead.

Theorem 2.2.1. Let X be a topological space. The following are equivalent.
(1) X is compact.

(2) Ever net has a convergent subnet.

Proof.

(2) = (1). Suppose that every net has a convergent subnet. Define an open cover {U; | i € I'}

and define sorry

Let (x5),.pp, be such that

aeh

xaeﬂl—',-

ica
We know a convergent subnet exists. Let (y,),c; be such a subnet, with associated map

¢ : E — D, and say that (y;),. converges to y € X. We claim that

ye[F

Indeed, if this is not true, then there is some i € I such that y ¢ F;. Thatis, y € X \ F;,
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which is open because F; is closed. Moreover, we know that y, — y. By the definition of

convergence, there is some ¢ € E such that for all ¢/ € E, if ¢/ > ¢ then y» € X\ F;.
Our setup essentially tells us that for all i € I and a € DD,
a>{i} < ica <<= x,€F (2.2.1)

Since ¢ is cofinal, there is some index ¢ € E such that ¢(c) > {i} (thatis, i € ¢(¢)). Let

e € E be such that e > ¢, € (such an e exists by directedness). Then,
Xg(e) = Ye € X\ Fj

Indeed, ¢(e) > ¢(¢) > {i}, with the ordering being inclusion. Therefore, i € ¢(e). But

(2.2.1) tells us that this is equivalent to x4) € Fj, which is a contradiction.

(1) = (2). Let X be compact. Let (x,),op, be a net. For each a € D, define
F,:=cd({x | b > a})

We claim that this family {F, | a € D} of closed sets has the finite intersection property.

Indeed, fix ay, ..., a, € D. Find, by directedness, some a € A such that

Then, x, € F,, for all 1 </ < n, just by unfolding definitions. Thus,

n
X; € ﬂ F,
i=1
Since X is compact, we can produce, by “dubious magic”, some
X € ﬂ F,
We construct a subnet of (x,),.p, which converges to x.

Define the following set:

E={(aU)|a€D,Uis an open nbhd of x, and x, € U}
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We order E by the ordering (a,U) < (b,V) iff a <p b and V C U. We show that under
this ordering, E is directed. That is, we show that for all (a1, U1), (a2, Uz) € E, there exists
some (¢, V) such that (a1, U1), (a2, U2) <g (c, V). Indeed, for all (a1, U1), (a2, U2) € E, we
can find some b € D such that b > a;, a», because D is directed. Moreover, U; N U, is an

open neighbourhood of x. Indeed, if we take
Fo:=cl({x. € X | c > b})
then we have x € F,, so the triple intersection
{xc€clec>b}nUiNU,

is nonempty. Find ¢ > b such that x. € U; N U)2. Then, we have (c,U; NU,) € E.
Moreover, ¢ > b > ay,a; and Uy NU, C Uy, Uy. Thus, (a1, Uy), (a2, Uz) <g (¢, Us N Ua).

To define a subnet, we need first a map ¢ : [E — DD satisfying the desired conditions. Define
¢ E—-D:(aU)— a

Define the net (y(a,U)) by ¥(a,u) = Xa. Then,

(a,U)eE

1. ¢ is order-preserving because for all (a,U), (b, V) € D, if (a,U) < (b, V) then a < b.

2. ¢ is cofinal because for all a € D, we can see that (a, X) € E has the property that
a<¢((a, X)) = a.

3. For all (a,U) € E, clearly y(,u) = x, by definition.

Lastly, we show that (}/(a,u)) converges to x. sorry

(a,U)EE
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2.2.2 Cluster Points

Before we describe how the concept of closures being defined by sequences is generalised to arbitrary

topological spaces using nets, we will find it useful to ask (and answer) the following question:

A subset of a subset is a subset. Is a subnet of a subnet also a subnet?
Remark. The answer is “yes it is’, and you get no prizes for showing so (let ¢ : F — E and
¢ : E — D define a subnet and a subnet of that subnet respectively - then consider the map ¢ o,

and show that this defines a subnet of D).
For the remainder of this subsection,
e A topological space X
e Directed posets D, E, F
o Nets (Xg)gen: (Ve)ecr: (2F)fer in X
e Cofinal and order-preserving maps ¢ : E - D and ¢ : F - E

We define the notion of a cluster point.

Definition 2.2.2 (Cluster Points). Fix x € X. We say that x is a cluster point of (x4) ¢,

if and only if for all open sets U > x and a € D, there is some b > a such that x, € U.

There is an equivalent characterisation of cluster points in terms of subnets. The proof is “one of

those proofs where you follow your nose, and just do some stenography with the definitions.”

Proposition 2.2.3 (An Equivalent Characterisation of Cluster Points). The following are
equivalent.
(1) x € X is a cluster point of (X4)ep

(2) (Xa).ep has a subnet which converges to x

Proof. We begin the process of nose-following and definitional stenography. Yay - fun!

(2) = (1). Let (Ve)oer and ¢ : E — DD together form a subnet of (xy),cp- We show that



Chapter 2. Nets and Filters Page 44

Ye — X.

Let U © x be open. Fix d € D. Let e € E be such that forall & > e, yoo € U. Let ¢, € E
be such that ¢(e;) >p d. Since E is directed, we can find some €’ € E that simultaneously

satisfies e >y e, ;.
Since ¢ is order-preserving, we have that
$(e') > ¢(e1) > ¢(d)
Since €’ > e, we know that
Xgey = Ye €U

Thus, x is a cluster point. As Professor Cummings said, “At this point, e have “won the

game.” Yippeel!l
(2) = (1). “As you may have guessed, that was the less painful part of the proof.”

Let x be a cluster point of (xg),p,- We are going to cook [up a convergent subnet of x].

Define
E:={(a,U)|aeD, U>x, Uisopen, x, € U}
Define the ordering
(a,U) <g (b,V) <= a<pbandV CU
Define the map
¢:E—D:¢((a,V)) =a

We now need to verify that ¢ is order-preserving and cofinal. The former is “just a joke” (i.e.
follows by definition). The latter is true for the “dumbest possible reason™ for all d € D,

(d, X) € E satisfies the property that ¢(d, X) = d.

Next, we need to show that E is directed - which is pretty much immediate from the

observation that x is a cluster point. In particular, given (a1, U;), (a2, U2) € E with
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b > a; N ay, Uy N U, open, as x is a cluster point of the net we can find ¢ > b such

that x. € Uy U Uy, and then (C, U n U2) > (81, Ul), (32, U2)

We can now define a subnet y(,y) := x,. All that remains is to show that (y.),y actually
converges to x. Fix V 3 x an open neighbourhood of x. Find any old b € D such that
xp € V. Take e = (b, V). Then, for all ¢ = (b', V') >g (b, V), we have

Yo =xy €V CV

“I've told this joke before in a slightly different context.” Also, verifying the subnet criteria is “as

fun as watching paint dry - but it's good to be thorough.” ]

“We are kind of compelled to turn things upside down.”

We now state an important fact that relates cluster points to ultranets

Proposition 2.2.4. Let X be a topological space, x a point in X, and (X4) 4cp, an ultranet
in X (cf. Definition 2.1.10). The following are equivalent.
(1) x is a cluster point of (Xg) 4

(2) x4 — x

Proof. sorry O

Corollary 2.2.5. If X is compact and (x,),cp, is an ultranet, then (x,),., converges to

some point.

Proof. Since X is compact and (x),p, is a net, we know that (x,),cp, has a convergent subnet

converging to some x. This makes x a cluster point of (x,),.p- Thus, by (2) = (1) in

Proposition 2.2.4, x, — Xx. O

Next, we state “Fact 4 in [Professor Cummings's] litany of facts” (the first two being the points in

Proposition 2.2.4 and the third being Corollary 2.2.5).
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Corollary 2.2.6. If X and Y are topological spaces and (x,),.y, is an ultranet in X and

f : X — Y is any function, then (f(x,)),cp is an ultranet in'Y .

Proof sketch. Let B C'Y be arbitrary. Define A := f~1[B] C X. Use ultranet properties. O

Finally, we state a powerful theorem about ultranet (ultrasubnet? subultranet?) existence.

Proposition 2.2.7. Every net has a subnet which is an ultranet.

Proof. sorry O

Professor Cummings shall now cheat us in a somewhat innocuous way by using ultranets to prove

Tychonoff's Theorem.

2.2.3 Tychonoff’s Theorem

We are now ready to prove the main result of this chapter (indeed, the result that motivated our

development of the theory of nets, subnets and ultranets).

Theorem 2.2.8 (Tychonoff's Theorem). An arbitrary product of compact spaces is com-

pact.

Proof. Let (X;),c; be a family of compact spaces. Let X := [[,.; Xi. We will show that X is
compact by showing that every net in X has a convergent subnet. Then, sorry will tell us that [Add
X is compact. refer-

ence

Let (Xa),cp be a net in X. We doubly index (x,),op, in the following manner: for each a € D, we

€

write

Xa = (Xa,i)iez

That is, we denote by x,; the ith component of x,.
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Let (Vb),ecr be a subnet of (x,),cp such that (yp),cq is an ultranet in X (as given by Proposi-
tion 2.2.7). We again doubly index (yp),cr by writing the ith component of every y, as y, ;. We

will show that (y}),p converges.

For each i € Z, let m; : X — X, be the canonical projection map sending z € X to its ith
component, denoted z. By Fact 4 in the “litany of facts” (Corollary 2.2.6), since (y),cp is an
ultranet, so is (7(ys))per- Indeed, observe that for all i € Z and b € E, mi(ys) = yb,i- Thus, for

all i € Z, the ultranet (m;(yp)),cx is exactly equal to (Vb i),cp-

Fix i € Z. Since X; is compact, Fact 3 in the “litany” (Corollary 2.2.5), there is some y; € X; such

that (yb,i),cr converges to y;. This gives us an element y € X defined to be the tuple (yi), ;-

We now claim that (y),.z converges to y. If we can prove this claim, we will be done with the

proof, as it will establish that (ys),.p is indeed a convergent subnet of (x.),p-

Recall that there is an inherent finiteness built into the product topology. In particular, the product
topology is strictly contained in the box topology, because we require the box topology to be
a product object in the category of topological spaces (see Appendix A.1 for more). This will be

absolutely crucial in establishing the claim that (y;),.5 converges to y.

Fix a neighbourhood U > y that is open with respect to the product topology on X. Fix a basic
open set [[,.; Ui containing y such that [],.; Ui € U. We know there are finitely many indices
{i,..., in} €T suchthat for 1 <s<n, U, C X,..

For each 1 < 's < n, the net (y,;,),cr converges to y;, in Xj,. Indeed, y;, € Uy, and U, is open in

Xi., so there is some index by € E such that for all ¢ € E, if ¢ > b, then y. ;. € U, Thus, we

is1

get a finite set of indices by, ..., b, € E such that each by gives the threshold in that X; beyond

which elements of (y,;,) g all lie in U,.

Since E is directed, we know there exists some b € E such that b > by, ..., b,. We claim that for

allc > b, y. € U.

Fix some ¢ > b. We show that for all i € Z, y.; € U; for all i € Z. This would then imply that

Ye € [T;ez Ui, and we know that ], U; C U, so we would be done.
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So, fix i € Z. Either i = i; for some 1 < s < n or not.

Case 1: j = is for some 1 <'s < n. In this case, y.; € U, because ¢ > b > b.

Case 2: j # is forany 1 < s < n. In this case, U; = X;. Thus, y.; € X; = U..

Either way, each component of y. is contained in each U;. Therefore, y. € [],.; Ui, and since

[T;ez Ui € U, we can conclude that y. € U, and we are done. O

Warning. The distinction between the product and box topologies is absolutely critical

for Tychonoff's Theorem! In fact, the conclusion typically fails when we take a box product.

A detailed discussion on the difference between the product and box topologies can be found in

Appendix A.1.

2.3 Filters and Ultrafilters

Yayy, now we learn informally what we learnt formally to do Lean parce que Patrick Massot adore

Bourbaki! (Actually, was that the reason? I'm not even sure... mais probablement...)

2.3.1 First Definitions

According to Professor Cummings, this is “just pure set theory"—nothing to do with topology. At

least... not yet...

Throughout this subsection, fix a nonempty set X.

s )

Definition 2.3.1 (Filter). A filter on X is a family Fs of X satisfying the properties
F1. 0 ¢ F but we always have X € F

F2. For all A€ F and all B C X which satisfy AC B C X we have B € F

F3. Forall A, B € F we will have ANB € F

J

We can think of a filter as a “notion of largeness” we can think of a filter as specifying exactly which
subsets of a set have this property. Indeed, the empty set shouldn't be large, but we would expect

the ambient set to be considered large. We would also like to think about being able to enlarge
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large things, which is why we want upwards closure. Finally, we can understand the intersection
property by thinking complementarily: if we have two small sets, we'd want their union to be small
(bigger than them, yes, but not so big as to actually be big). Thus, if we have two large sets, it's

reasonable to think we'd want their intersection to be small.

Definition 2.3.2 (Ultrafilter). An ultrafilter on X is a filter U satisfying the additional

property
F4. Forall AC X, either Ac Uor X\ Ae U

Note

Not every filter is an ultrafilter.

~

Counterexample 2.3.3 (A Filter that is not an Ultrafilter). We define the following filter
on N:

F={ACN|N\ Ais finite}

We call this the cofinite filter or the Fréchet filter. While F is a filter, it is certainly
not an ultrafilter. For instance, neither the evens nor their complement (the odds) live in

F because they are both infinite.

We can show, however, that every filter can be extended to an ultrafilter. This is similar in spirit to

how we extend ideals to maximal ideals in commutative rings. We will do it using Zorn's Lemma.

(Incidentally, there is also a notion of an ideal of sets, which is essentially complementary to the

notion of a filter. Lots of similarities!)

2.3.2 Zorn’s Lemma: A Quick Recap

Throughout this subsection, let (P, <) be a poset.

We begin by defining notions of maximality in a poset.



Chapter 2. Nets and Filters Page 50

Definition 2.3.4 (Maximum and Maximal Elements). We say a point p € P is
e maximum iff for all g € P, g < P.

e maximal iff there is no g € P such that p < g

Next, we define the notion of a chain.

Definition 2.3.5 (Chain in a Poset). A chain in P is some subset C C PP which is linearly

ordered, ie, where for all ¢, d € C, either c < d or d < c.

Indeed, a chain is bounded (above) by g € PP if and only if for all p € C, p < g.

We are now ready to state the famous Zorn's Lemma.

Theorem 2.3.6 (Zorn's Lemma). If every chain in P is bounded, then for all p € P, there

is some q > p such that q is maximal.

As the saying goes,

“The Axiom of Choice is obviously true; the Well-Ordering Principle is obviously false;

and as for Zorn's Lemma, who can say?”

More seriously, though, it is possible to show that the Zermelo-Fraenkel axioms imply an equivalence

between Zorn's Lemma and the Axiom of Choice. The rough idea of this proof is that if you allow

larger and larger things, you keep taking greater and greater ordinals, until you need to take a limit

ordinal, and then you take greater and greater ordinals, and then you take a limit ordinal, and you

just keep going, until you hit a limit ordinal beyond which you will not need to go.

2.3.3 Extending Filters to Ultrafilters

The reason why we took that Zorny detour is because we need to apply Theorem 2.3.6 to extend

filters to ultrafilters.
Throughout this subsection, fix a set X # . We can show that the set

P={F CP(X)|Fis a filter on X}
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is partially ordered by inclusions of sets. This allows us to make the following characterisation.

Lemma 2.3.7. A filter F on X is an ultrafilter if and only if F is maximal in P.

Proof.

(=) Let F be an ultrafilter. Towards contradiction, suppose that F is not maximal in P. Then

there must be some filter F’ € P such that F C F’. So, there exists some A € F'\ F.

Since F is an ultrafilter, either Ac For X\A€ F. SinceA¢ F, X\A€ F. Since F C F',

X\ A € F'. But then, since filters are closed under intersections, we get
0=AN(X\A)eF
which is impossible, because F’ is a filter and filters cannot contain the empty set.

(<) Let X be maximal. Towards contradiction, suppose that F is not an ultrafilter. Then,

there must be some A C X such that A¢ F and X \ A ¢ F. Define
F':={XCA|3CeFst. ANCC B}

One can show that F’ is a filter that strictly contains F, which would contradict the maxi-

mality of F. Professor Cummings leaves this as an exercise. Do
exer-

D .
CIse.

This allows us to prove the following important result, which has the flavour of extending ideals to

maximal ideals in commutative algebra.

Proposition 2.3.8. Any filter on X extends to a filter which is maximal in IP.

Proof. By Theorem 2.3.6, it is enough to show that every chain in P has an upper-bound in P.
So, fix a chain C in P. If C = 0, then the trivial filter {X} is an upper-bound of C (thus, the
“empty set brigade”, led by the almighty Lean kernel, can be satisfied that this proof is valid). We

now treat the case where C is nonempty.
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Define the subset S C P(X) by
S=|JC={ACX|IFeCst AcF}

S clearly contains every element of C, making it an upper-bound for C. All we need to show is

that S is a filter. This will show that S € P, meaning that C has an upper-bound in P.

First, we need to show that S is nonempty. But this is clear, because X € S: X is contained in

every filter in C.
sorry [l
Combining Lemma 2.3.7 and Proposition 2.3.8 gives us the following.

Corollary 2.3.9. Any filter on F extends to an ultrafilter on X.

Youpie!

2.4 Relating Filters to Nets

We begin with an “irritating and bafflingly slick proof” that essentially boils down to a clever choice

of index set. Let X be a topological space.

Theorem 2.4.1. Let (x,)
of (x,)

.cp be a net in X. There exists an ultranet in X that is a subnet

achD-’

Proof. Our argument will essentially be an application of Corollary 2.3.9.

Define the following collection of subsets of ID:

F={ACD|3JacDst {beD|a<b}CA}

That is, we define F to be the set of all subsets of ID containing some nonempty cone. We claim
that F is a filter on D. According to Professor Cummings, the only “tinily nontrivial” thing to
show there is showing that F is closed under intersections. The point is that by directedness, the

intersection of two cones contains a another cone.
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Apply Corollary 2.3.9 to obtain an ultrafilter f O F on ID. We are now ready to define the index

set and maps giving a subnet of (x,),.p. Define
E:={(a,A)]aeD acA AclU}
Define the following ordering on E:
(a1, A1) <g (a2, A2) <= a1 <pazand A, C A,

It is not difficult to show that E is a poset (Professor Cummings would give “no points” for that).
“The point really is to show it is directed.” To that end, fix (a1, A1), (a2, A2) € E. Since D is
directed, we can find b € D such that b >p a;, a,. Now define B=A;NA,N{beD|b>p a}.

It is not difficult to see that (a1, A1), (a2, A2) <g (b, B).

We now find an order-preserving and cofinal map from E to D. Define ¢ : E — D by ¢((a, A)) = a.
It is immediate that ¢ is order-preserving. Moreover, since ¢((a,D)) = a, we can see that ¢ is

cofinal.
Thus, for all (a, A) € E, if we define

Y(a.E) = XH((a,A)) = Xa
then (ye).cg is a subnet of (x,),.p-

All that remains is to show that (ye),..g is an ultranet.

One must remember what is the decisive property of ultranets - we either want to find a point

where all the indices above that point hit Y C X, or all indices above this point hit X \ Y.

Let A={a e D:x, €Y}, asU is an ultrafilter, either A € U or D\ A € U. Now supposing
that A € U, we can choose a € A and let e = (a, A). Then for all f > e, f = (b, B) where

a<bBCAwehave be BCA = x, €Y = yq = y(b,B) = X

Hopefully you can see that “rest, similar.” sorry ]

And now we've reached a bit of a high-point in the course - we have proved Tychnoff's Theorem!
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You knew we were not done with the definitions - in fact we have only just begun.



Chapter 3

More Topological Properties

In this chapter, we dive deeper into properties of topological spaces. Specifically, we will focus on

how properties are propagated by subspaces and constructions, such as products and quotients.

3.1 (More) Separation Properties

Now where were we...
e Ty: Given any x,y € X, either there exists some open U with x € U, y ¢ U.
e T;: Singleton sets (not “points” “because this is a picky and pedantic discipline) are closed.
e T,: Hausdorff!

It is now time to prepare ourselves for the metrization theorems to come. One may notice that the

following has a slightly different flavour than our previous separation properties:

Definition 3.1.1 (Regular Space). X a space is “regular” if for all x € X, C C X with C
closed and x ¢ C, there are open U with x € U and V O C such that UNV = 0.

Definition 3.1.2 (Normal Space). We say that our space X is “normal” if for all closed

C,D C X with CND = 0, then there are U O C,V D D with U,V open subsets of X such

55
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that UNV = 0.

Definition 3.1.3 (Completely Regular Space). Our favorite and least favorite space X is
“completely regular” if for all x € X,C C X closed with x ¢ C, there is a continuous
f : X — [0,1] such that f(x) =0, f[c] = [1].

Remark. Getting to the idea of separating sets with continuous functions - will be discussed much
more after fall break...
Remark. Note also that we do NOT require that “regular”, “normal”, or “completely regular” spaces

are Hausdorff.

[also note that we had lots of T but | spent too long typing and did not have the time to grab any

before it was removed from the board :( sorry]

Definition 3.1.4 (T3 Space). A topological space is Ty if it is Hausdorff and regular.

Definition 3.1.5 (T, Space). A topological space is Ty if it is Hausdorff and normal.

Definition 3.1.6 (T35/Tychonoff Space). A topological space is T35 or Tychonoff if it is

Hausdorff and completely regular.

We can offer another characterisation of Tychonoff spaces.

3.2 Countability Properties

7~

Definition 3.2.1 (1st, 2nd Countability). Let X be a space, then
1. we say that X is 1st countable to say that every point in X has a countable neigh-
bourhood basis (and...)

2. we say that X is second countable to say that X has a countable basis.

“one whose relationship with the first two might remain a little questionable for now...”

“those of you who took field theory might hate the name of this next one...”
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Definition 3.2.2 (Separable (“ohhhhhhhhhh...” insert disappointment)). We say that X is

“separable” to say that X has a countable dense subset.

Definition 3.2.3 (Lindelof (“Poor Man's Subcover”’)). We say that X is Lindelof to say

that every open covering of X has a countable subcover.

Now another definition, to get some feel for the “geometry” of a metric space

Definition 3.2.4 (distance from a point to a set in a metric space). Let (X, d) be a metric
space, A C X, A # 0 (to pre-emptively take care of the empty set police) and x € X. Then
d(x, A) = inf{d(x, a) : a € A}.

Theorem 3.2.5. d(x, A) is a continuous function of x.

Proof. Let x,y € X and a € A, then d(x,A) < d(x,a) < d(x,y) +d(y,a) = d(y,a) >
X

)
d(x,A) —d(x,y) forallae A = d(y, A) > d(x, A) — d(x, y). Now one can fill in the details

at their leisure. O
With this, we can show that X a metric space implies X is Ty:

Proof. Let C, D C X with (X, d) is a metric space with C, D closed and C N D = 0. If we then
let g(x) = d(x,C) — d(x, D) [we NEED that C, D are closed and disjoint!], then g is continuous
as a difference of two continuous functions. Let X = g[(—o00,0)] and V = g7*[(0, 00)] - then

maybe we're basically done sorry. O

~

Definition 3.2.6 (Embedding). We say f : X — Y is an “embedding” of X into Y if f is
an injective map with the additional constraint that f is a homeomorphism from X to f[X]

(where f[X] C Y is endowed with the subspace topology).
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Recall that for spaces X,Y; (i € I) that F : X — [],.;Y; is continuous iff for all i, m; o F is

continuous. In what follows, we let f; := 7; o F given some F(x) = (fi(x))icr.

Our goal now is to find conditions on f; : X — Y; to ensure that F is an embedding of X in
]—[,GIY,-. To ensure that F is continuous, each f; needs to be continuous. To be sure F is injective,

we need that for all x, x’ € X that x # x’ = 3i € I such that f;(x) # f(x').

“and you're going to groan when | give you the next definition...”

Definition 3.2.7 (Separating Points from Closed Sets). Given X, (Y;)ier and continuous
functions f; : X — Y; we say that (f;);c; “separates points from closed sets” iff for all closed

C C X with x € X, x ¢ C here is some i € I such that f;(x) ¢ cl(f[C]).

Theorem 3.2.8. Iff; : X — Y; with i € I are such that each f; separates points, separates

points on closed sets with i € I and is continuous, then F is an embedding.
Here is the proof, but “you're not going to like it" - is there set-theoretic nonsense??

Proof. Given U C X open, we show F[U] is relatively open in F[X]. In fact, we will show that
for all x € U that there is V C [].Y;, F(x) € V, with V open and V N F[X] C F[U]. However
observing that x ¢ X \ U a closed set, as (f;);c; separates points from closed sets, there is i such

that £(x) ¢ cl(F[X \ U]).

We now let E = cl(;[X \ U]) CV; with E closed. But then f;(x) € Y; \ E (an open set in Y;). If
we now let V = 7 ![Y; \ E], we can find that V is open in T, Y;, and F(x) € V - we are left only

to substantiate this claim.

Finally then, we let F(z) = VN F[X]. As F(z) € V, we have that fi(z) = m;0 F(z) € Y;\ E. Now
“chasing through definitions” we claim z € U and then proceed to observe that z ¢ X \ U —

fi(z) € X\ U] and fi(2) € cl(£[X \ U]) = E. O

So to ensure you get a topological embedding, ensure you separate points from points, then separate

points from closed sets.
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3.3 Regularity
Throughout this subsection, fix a topological space X.

We recall the definition of a regular space.

Definition 3.3.1 (Regular Space). We say that X is regular if for all closed F C X and
x € X\ F, there are U,V C X that are open such that x ¢ U, FCV and UNV = 0.

There is a strictly stronger notion as well.

Definition 3.3.2 (Complete Regularity). We say X is completely regular if for all F C X
closed and x € X\ F, there is a continuous function f : X — [0, 1] such that f(x) = 0 and
fIF]=C {1}.

It makes complete sense for complete regularity to strictly generalise regularity. (See what | did

there?) We do not show this here, but we reassure the reader that it is true.

In this section, we will explore how regularity and complete regularity interact with topological

constructions.

3.3.1 Regularity and Subspaces

Fix a subset A of X, and consider it as a topological space, endowed with the subspace topology
inherited from X. Recall that B C A is closed with respect to the subspace topology if and only
if B=AN F for some F C X closed.

It turns out that subspaces of regular spaces are themselves regular.

Lemma 3.3.3. If X is regular, then so is A.

Proof. Fix B C Aclosed and fix a € A\ B. We know that B = ANF for some closed F C X. Since
a ¢ B, we must also have a ¢ F. Then, since X is regular, we can find U,V C X that are open
and contain a such that F C Vand UNV = 0. Then, UN A and V N A are relatively open subsets
of A that also contain a and satisfy the properties that B C VN Aand (UNAN(VNA)=0. O
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We can say something analogous about complete regularity.

Lemma 3.3.4. If X is completely regular then so is A.

Proof. Fix B C A relatively closed and a € A\ B. We know B = AN F for some F C X closed.
We know there is some continuous f : X — [0, 1] such that f(a) = 0 and f[F] = {1}. Consider
its restriction g = f [ A. Obviously g(a) = 0 because a € A. Moreover, since g agrees with f on

A, it is also clear that g[A] = f[A] C f[F] = {1}.} O
Proposition 3.3.5. The following are equivalent.

(1) X is regular.
(2) for all x € X and all open U > x, there exists an open V' > x such that clV C U.

Proof. The picture we want to have in mind is given in Figure 3.1. sorry Finish!

Figure 3.1: The picture we want to have in mind for Proposition 3.3.5.

(1) = (2). Fix x € X and some open U > x. Evidently, x ¢ X \ U, and since X \ U is closed
and X is regular, we can find some open V,W C X such that x ¢ W, X \ U C W, and
W NV =0. Then, the closure cIV C X \ W, and this is contained in U.

(2) = (1). Exercise. sorry

!l suppose the ‘empty set brigade’ might have some objections but honestly who even cares about such people...
(I kinda do but | am choosing to ignore my feelings in the interest of convenience!)
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3.3.2 Regularity and Products

Our eventual goal in this subsection will be to show that products of regular spaces are regular.

Throughout this subsection, fix topological spaces (X;),.;. Denote by X the product [T,.; Xi.

Lemma 3.3.6. /f (B)),.; are basic open sets of the X;, then

ﬂclB,:clﬂB,

iel i€l
Proof. sorry O

We can now show that a product of regular spaces is regular.

Theorem 3.3.7. If each X; is regular, then so is X.

Proof. Fix x = (x;);c; lie in some open set U C X. We can write U; as a product of open sets U,

with only finitely many U; being properly contained in X;. sorry ]

We can say something analogous for completely regular spaces.

Theorem 3.3.8. If each X; is completely regular, then so is X.

Proof. Fix x € X and F C X closed, and assume x ¢ F. Let U be a basic open set containing x

and disjoint from F. We know that there are open subsets U; C X; for every i € I such that

U:ﬂU; and A={iel|U C X} is finite

iel

We know that F C X \ U. Moreover, since x € U, x ¢ X \ U. Finally, note that

yelU < Foralliel, y; e U

< Foralli€ A, y; €U
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Since X; is completely regular, for each i € A, we can find continuous functions f; : X; — [0, 1]

such that f;(x;) = 0 and f,(z) = 1 for all z € X \ U;. We can then define
f:X—=1001:y~— maAXﬁ-(y,-)
IS

Observe that f(x) = 0. Forall y € F, y € X \ U, so there is some i € A such that y; € X; \ U;
for all i. We then see that fi(y;) =1, so f(y) = 1. O

Definition 3.3.9 (Hilbert Cube). Let I be a nonempty set. The “Hilbert cube” associated
with I (i.e. “from I") is the space [0, 1], the product of copies of [0, 1] indexed by elements

of I endowed with the product topology.

This is ‘a potentially very large cube-like thingy'.

What properties of the unit interval would we expect the Hilbert Cube to have? Compactness?
Hausdorffness? Thus, T4? Thus T357 All of the above, actually - and purely by results we have

seen so far! Cool, eh?

We can ask ourselves what spaces can be embedded in Hilbert cubes. Indeed, we will be asking a

lot of questions of this type over the course of this course.

Certainly we would want such a space to be T35. Indeed, we know that subspaces of T35 spaces

are T35. So being T35 is necessary for being embeddable in the Hilbert Cube.

But astonishingly, it turns out that the converse is also true!

Theorem 3.3.10. /f X is a Tz 5 space, then X is embeddable into some Hilbert cube.

Proof. Define I := {f : X — [0,1] | f is continuous}. Since X is T35, I separates points and I

separates points from closed sets—that is, for x € X and C C X with x ¢ C, there is some f € I
such that f(x) ¢ cl f[C].

An ‘old theorem’ says that if we define H : X — [0, 1)) : x — (f(x));c;, then H is the desired
embedding. n

Add

ref
from
ear-

lier in

course
-
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3.4 Urysohn’s Lemma

In this section, we develop the tools needed to prove Urysohn's Lemma, which (according to

Professor Cummings) should really be a theorem.

It goes as follows.

Theorem 3.4.1 (Urysohn's Lemma). If X is a normal topological space, for all closed
C,D C X, if CN D = 0 then there is a continuous f : X — [0, 1] such that f[C] C {0}
and f[D] C {1}.

In some sense, normality tells us we can ‘separate closed sets using open sets’, and Urysohn's
Lemma says that if we can do that, then we can also ‘separate closed sets using continuous

functions'.

For the remainder of this section, fix a normal topological space X. Our proof will be constructive:

we will give an explicit function.

Lemma 3.4.2. Let F be a closed subset of X and O an open subset of X. If F C O, then

there exist O, F; C X such that Oy is open, F is closed, and

FCO,CFKHCO

Proof. The proof is just an “irritating game involving naive set theory".

If F C O, then FN (X \ O) = 0. Normality then tells us that we have disjoint open sets U,V C X
such that F C U and X\ O C V. Simply take O; = U and F; = X'\ V. O

We will also briefly explain what the dyadic rationals are.

Definition 3.4.3 (Dyadic Rational). We say g € Q is dyadic if there is some ¢ € Z and

i € N such that g = 5.

The dyadic rationals are dense in R: indeed, this is why real numbers admit binary expansions.
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[ Local Notation. Denote by D the set of all dyadic rationals contained in (0, 1). ]

We are now ready to prove Urysohn's Lemma.

Proof of Urysohn's Lemma (Theorem 3.4.1). We will proceed by constructing sets {U, | g € D}

such that

1. CCU,CX\Dforall ge D.
2. If p,ge D and p < g then clU, C U,.

To do this, we will actually build {U,,V, | g € D} such that for all g € D,

1. Uq is open
2.V, is closed

3. V, C U, for some r > q
At this stage, it will be useful to draw a picture.
Here's a more formal way of describing the construction.
1. By Lemma 3.4.2, we can sorry
2. Then, given C C U%, we can apply Lemma 3.4.2 to get U% open and V% closed such that

CCU: C

-MS

cu

Bl
N

Similarly, since V% C X\ D, we can again apply Lemma 3.4.2 to get U% open and V% such

that

CX\D

o~
N
-
N
MS

Blw

It will be incredibly useful to bear in mind that for all dyadic rationals p < g, we get
CCU,CX\D and cdU, C U,

We will now get on to the construction of our continuous function. To do so, we define f : X —

[0, 1] such that, if there us no r € D with x € U,, then we let f(x) := 1 - otherwise, we define
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f(x):=inf{re D|xeU}.

It is “easy” to see that if x € D, then f(x) =1, as x € C = f(x) = inf(D) = 0. However we

must now get on to the trickier part...we claim that for all x € X and p € D,

(a) fxecdU,, f(x)<p
(b) If x ¢ clU,, f(x)>p

Indeed, if x € clU,, then x € U, for all g € D with g > p, so f(x) < p. On the other hand, if
x ¢ clU,, then assume, for contradiction, that f(x) < p. Then we can easily see that there must

be some r < p and x € U, such that f(x) < r < p. sorry
Taking the contrapositives of the above claims, we see that for all x € X and p € D,

(a) If f(x) > pthen x ¢ clU, (and thus x ¢ U,, so f(x) > p).
(b) If f(x) < p then x € U, (and thus f(x) < p).

Consider the following basis for the Euclidean (subspace) topology on [0, 1]:
{[0,a)] |0 < a}u{(a,b) |[0<a<b<1}U{(b1]|b<1}

We show f is continuous by showing that the pre-image in f of every basic open subset of [0, 1] is

open.

We begin by showing that f~1[(a, b)] is open. We do this by showing every point has an open
neighbourhood. Fix x € f~![(a, b)]. We know that a < f(x) < b. Find p,q € D such that
a<p<f(x)<qg<hb. Then f(x) > p, sox & clU,. Similarly, f(x) < g, so x € Us. Now, let
V = U, \ clU,. Observe that x € V. Moreover, forall y € V, y € U,, so f(y) < q, and y ¢ U,
so f(y) > p. Then, we can see that f[V] C [p, q] C (a, b).

So for f7H[[0, a)] we let f(x) < a and find p € D with f(x) < p < a, x € U, and f[U,] C [0, p] C
[0, a). Meanwhile, for F71[(b, 1]] we let f(x) > b we find g € D such that b < g < f(x) and the
x¢cllUyand y € X\ clU, theny ¢ U, = f(y) > q > b. O

The good news is that we have a very rich supply of normal spaces. Indeed, we know that Metric

spaces are Hausdorff and normal (7).
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3.5 The Stone-Cech Compactification

Definition 3.5.1 (Compactification). Given a space X, we say that X has the compacti-
fication Y if there is a space Y such that the following hold:

1. X is a subspace of Y.

2. X isdenseinY.

3. Y is compact.

3.5.1 One-Point Compactification

Definition 3.5.2 (One-Point Compactification). Let X be a locally compact, non-compact
Hausdorff space. Let Y = X U {o0}, where oo is a formal symbol that does not lie in X,
endowed with the topology 7 consisting of

1. Open subsets of X.

2. Sets of the form co U (X \ K), where K C X is compact.

We call Y the one-point compactification of X. We sometimes denote Y by aX.

Think of projective space.

Suppose, as before, that X is a T34 topological space. Define

I={f:X —10,1] | f is continuous}

3.5.2 Constructing the Stone-Cech Compactification

Throughout this subsection, let X be a T35/ Tychonoff space. That is, X is Hausdorff and com-
pletely regular (cf. Definition 3.1.6). Write

F:={f: X —=10,1] | f is continuous}

Observe that F separates points (because X is Hausdorff) and also separates points from closed

sets (because X is completely regular).

Let Y = [0, 1]”, endowed with the product topology. We know, by Tychonoff's Theorem (sorry),

that Y is compact. We also know Y is Hausdorff. So Y is T35 as well.
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Consider H : X — Y : x = (f(x))scr- We can show that H is an embedding of topological

spaces, ie, that H is continuous and injective.

Definition 3.5.3 (Stone-Cech Compactification). The Stone-Cech Compactification of
X, denoted BX, is the closure in Y of the image of X under H, where H is the embedding

described above. le,
BX = cl H[X]

From a categorical standpoint, the data of the Stone-Cech Compactification consists of both

the space BX and the embedding H : X — BX.

7

As one would hope from the name, X is indeed compact. Moreover, BX contains H[X], which
is homeomorphic to X. So it does indeed make sense to call BX a compactification of X. As an

added bonus, BX is Hausdorff.

It will also be sensible to show that the above compactification process behaves exactly as one

would hope on spaces that are already compact: it “does nothing".

Let K be compact and Hausdorff. K is T4, so K is Tss5, and so one can define its Stone-Cech

Compactification K. Define
G :={f: K —10,1] | g is continuous}

Consider the embedding H : K — [0,1]° : k — (g(k)) Then BG = cl HIK].

geaG”

Since K is compact and H is continuous, H[K] is compact. Moreover, H is a bijection from
K to H[K], and H[K] is Hausdorff. Thus, the corestriction of H to its image is a continuous
bijection from a compact space to a Hausdorff space, and thus a homeomorphism. So indeed, BK

is homeomorphic to K.

3.5.3 The Universal Property of the Stone-Cech Compactification

It turns out that we can characterise the Stone-Cech Compactification using a universal property.
Indeed, as one might guess, B is functorial, so it makes sense that we can do something categorical

here...
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The desired universal property turns out to be an extension property. What it says is that
the Stone-Cech Compactification is universal in the sense of every compactification of X into a

compact, Hausdorff space factors uniquely through gX.

Theorem 3.5.4 (Universal Property of the Stone-Cech Compactification). Let X be Ts5
and let H : X — BX be the embedding described above. Let K be any compact, Hausdorff
space and let f : X — K be any continuous function. Then there is a unique continuous
g : BX — K such that f = goH. That is, the following diagram commutes (in the category

of topological spaces):

Proof. “I'm not doing this in the most bafflingly slick way, but I'm still doing it in a somewhat

bafflingly slick way.” “I have made everything maximally confusing—it's a gift.”
As above, denote

F:={f: X —10,1] | f is continuous}
Then, BX = cl H[X] and H(x) = (f(x))

feF:

1. Special Case: K = [0, 1]. Fix a continuous map f : X — [0, 1]. We need to show there is a
unique g : BX — [0, 1] such that go H = f. Since f € F and BX C [0, 1]7, we can define

g = m¢ | BX, where 7 is the projection from [0, 1]” to the f coordinate. Obviously 7 is

continuous and makes the triangle commute.

It remains to show uniqueness. Indeed, the key is that H[X] is dense in cl H[X] = BX. So
if we had g’ : BX — K such that g’ o H = g o H, then we would require g’ and g to agree
on the dense subset H[X] of BX, so they must agree on all of BX.

2. General case: K is an arbitrary (Hausdorff) compactification of X. Fix a continuous f : X —

K. Denote by G the set of all continuous functions from K to [0, 1]. For all t € G, we know
tof € F.
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Define G : BX — [0, 1]9 : (ur)rer = (Utof) g

First, we show that G is continuous. Denote by 7, the projection from [0, 1]g to the tth
coordinate. One can show that 7, o G = 7., and it follows readily from this that G is

continuous.

Next, we show that G[BX] C clH[K]. Fix u = (us),cr € BX. We know that G(u) is
contained in some basic open subset of [0, 1]9. Such sets are finite intersections of images

of projections: that is, there exist t;, ..., t, € G and open sets V, .. ., V, C [0, 1] such that

< ﬂwt.*l[vi]
=1
Then, uyor = T, (G(u)) € Vi for all 1 <i < n. Thus,
uc ﬂ'";olf[vi]
i=1

Since u € BX = cl H[X], we can find a point x € X such that H(x) € N/_; m,_¢[Vi]. So
for 1 <i<n, H(x)tor = (tio f)(x) € V..

“Our suffering is almost over.” Let k = f(x) € K. Then, ti(k) € Vi for 1 < i < n, so
H(k) € N, m,-1[Vi]. So G(u) € clH[K], so G[BX] C clH[X] = H[X] = BK. We then

find ourselves in the following situation:

/ig

T+ K —=— HIK]
H

where for all u € BX, we define g(u) to be the unique k € H such that H(k) = G(k).

“Ok, I'm tired of this proof, you're probably also tired of this proof, so let's just check a few

more details and move on.”

We finish by verifying that g is continuous. sorry
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3.5.4 Applications of Stone-Cech Compactification

We already saw how the Stone-Cech Compactification behaves with compact spaces. It turns out

to be interesting to explore how it behaves with locally compact spaces.

We begin with a fact (the proof of which is left as an exercise).

Exercise 3.5.5. If Y is compact and Hausdorff and X is an open subspace of Y, then X is

locally compact.

Remark. Note that when X is an open subspace of Y, then the subspace topology on X consists
exactly of those open sets (in the topology on Y) which are contained in X (trivially so, but still

this may be a helpful fact)...

Theorem 3.5.6. Let X be a Ty 5 space with H : X — BX the Stone-Cech Compactification,
then TFAE:

(1) X is locally compact.
(2) H[X] is open in BX.

Proof.
(2) = (1) Follows from Exercise 3.5.5.

(1) = (2) If X is compact, then H[X] = BX. If X is not compact, let aX denote its one-point
compactification, with inclusion ¢ : X — aX. Recall that aX is compact and Hausdorff.
The Universal Property (Theorem 3.5.4) then gives us some (uniquely defined) g : BX — X

such that go H = ¢.

One can show that BX \ H[X] = g '[{co}]?. Since aX is Hausdorff, {0} is closed, so
BX \ H[X] is closed, thus H[X] is open.

2“I'd rather put that on the homework than show it in class” - Professor Cummings
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3.6 Urysohn’s Metrisation Theorem

Urysohn's Metrisation Theorem gives conditions under which we can construct a metric on a

topological space that induces the same topology on it.

Theorem 3.6.1 (Urysohn's Metrisation Theorem). Let X be a topological space. If X is

both T3 and second-countable, then X is metrisable.

The way we will prove this theorem is by embedding X into a metrisable space, namely, [0, 1]Y. This

is the same sort of object that comes up in the construction of the Stone-Cech Compactification.

It's not obvious that [0, 1]V really is metrisable - we will "brush it under the rug’ because it is 'a

consequence of some nonsense on this week's homework'. The metric we define is

d(X’Y) = Zz_n |Xn _yn|

neN

and it isn't hard to show that this sum converges absolutely for all x,y € [0, 1]".

We begin by proving some more general facts, which we will later relate to the proof of Urysohn's

Metrisation Theorem (Theorem 3.6.1).

Recall the definition of a Lindel6f space.

Definition 3.6.2 (Lindelof Space). A space X is Lindelof if every open cover has a

countable subcover.

It is not hard to show that any closed subset of a Lindel6f space is Lindel6f (when endowed with

the subspace topology).

Lemma 3.6.3. Any 2nd countable space is Lindel6f.

Proof. sorry O
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Lemma 3.6.4. Any space that is both Lindel6f and T3 is Ty.

Proof. Let A, B C X be closed and disjoint. Notice that both A and B (as subspaces) are Lindelof

themselves. We will use the hypothesis that X is T3 to cook up open covers of A and B.

For all a € A, we know that a ¢ B, so a € X \ B, which is an open set. Then there is some open
U, > asuch that UN B = (. This gives us an open cover of A, which we know admits a countable

subcover (U,,) In similar fashion, we can construct an open cover (Vj,)

neN” neN"

Observe that for all n € N,
cd(U,))NB=0=cl(V,,)NA

Now, define

Y, = U, m(ﬂ (X \ cl(Vs,))

Z,,.:V,,m< (X \ cl(U ) z:=]Jz,

The point is that for each n € N, since Ancl(V,,), we know A C X\ cl(V},). Similarly,for each
n € N, since BNcl(U,,), we know B C X \ cl(U,,). Thus,
AC (X \d(Vs,) B C () (X\cl(Us,))
neN neN

Moreover, it turns out that for all m,n € Z, Y,, N Z, = 0. Indeed, suppose this is not true. Then
there are some m, n € N (with m < n WLoG) such that there is some x € Y, Z,. Since x € Y,
x € Up, and since x € Z, and m < n, x € X \ cl(U,,). But this is impossible. Thus, for all
mneZ,Y,NZ,=0.

This implies that YN Z = 0. So X is T,. ]
We are now ready to prove Urysohn's Metrisation Theorem.

Proof of Theorem 3.6.1. Let X be a 2nd countable T3 space. We need to show that X is metris-
able.
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By Lemma 3.6.3, if X is 2nd countable, then X is Lindeldf. To embed X into [0, 1], it will suffice
to find a countable set F of continuous functions from X to [0, 1] that separate points from closed

sets.

Why? Well, first enumerate such a set F as functions {f;, f, ...} and define F : X — [0, 1]" :
X = (fa(x)) hen- As F separates points from closed sets, sorry. Note that it is crucial that F is

countable for this to work.
So now let's get to work and actually find such a family!

We will make use of the fact that X is second countable. This means precisely that the topology
of X has a countable basis B. For all pairs (U, V) with U,V € B and cl(U) C V, we observe that
c(U) N (X \ V) =0 So define fy, : X — [0, 1] by sorry.

It just remains to show that F separates points from closed sets. Let F C X be closed. Fix some
x € X\ F. Clearly X \ F is open, so there is some V € B such that x € V.and V C X \ F
(meaning VN F = 0). By regularity, we know that there is an open set U’ that is a neighbourhood
of x whose closure is contained in V. le, we have x € U’ and cl(U’) C V. Indeed, we can find a

basic U € B such that x € U C U’ and cl(U) C cl(U") C V.

sorry [

This was a bit of a slog, so let's break it down into its component parts and understand the weird

hypotheses.

First, you have a modest separation property, T3, and a strong countability property, 2nd count-
ability. And really the weaker consequence of being Lindelof is what makes the argument work,
because that gives us T4, which is comforting because metric spaces are T,. We then ned to use
all our ingredients to construct a clever family of functions that separate points from closed sets,

and this allows us to embed our space into [0, 1]%, showing metrisability.

There are even sharper metrisability theorems. This theorem works great, as far as it goes, but the
hypotheses are overkill. In particular, they're not equivalent to the property of metrisability. A much
better theorem is the Nagata-Smirnov theorem, which gives sufficient and necessary conditions for

metrisability. (Of course, an obvious equivalent condition to metrisability is just metrisability itself.

this
right?

which
fol-

lows

from...
-~

-~
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We're talking about equivalent conditions that are actually helpful /that occur not uncommonly.)



Chapter 4

Topologies on Sets of Functions

In this chapter of the course, we will venture into the wonderfully weird realm of function spaces and
functional analysis. We will talk about Hilbert spaces, operators on Hilbert spaces, and topologies

on spaces of operators on Hilbert spaces.

If you look at the Wikipedia page on topologies on spaces of operators on Hilbert spaces, there
are about 10 different topologies mentioned. So this is quite a rich theory, and we will explore it

in detail.

We begin with set-theoretic notation (which we really should've introduced earlier—unless we

have—because we've kinda been using it all along...).

[ Notation. For sets X and Y, denote YX := X — Y/, the set of functions from X to Y. ]

We begin with some motivations and first examples.

4.1 Motivation and First Examples

We begin by asking ourselves what kinds of topologies we can endow sets of functions with. We
will be particularly interested in metrisable topologies and even more so in completely metrisable
topologies. We have already seen one very natural topology in cases where X is an arbitrary set

and Y has a topology. We will investigate this further and study completeness properties in the

75
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process.

4.1.1 The Topology of Pointwise Convergence

Let Y be a topological space and X an arbitrary set.

Definition 4.1.1 (The Topology of Pointwise Convergence). The topology of pointwise

convergence on YX is defined to be the product topology on YX.

We can give a characterisation of this topology in terms of nets.

Exercise 4.1.2. Let (f,)
(1) fo—f
(2) Forall x € X, f,(x) — f(x)

-cp be a net in YX. For all f € YX, TFAE:

Note that (2) is a sensible statement to make because for all x € X, (f;(x)),p is a net in

Y.

The big advantage of this topology is that it is very general: it does not require X to have any

topological structure whatsoever.

But pointwise convergence is not the strongest notion of convergence out there. We can define

uniform convergence of nets, and then define a topology of uniform convergence.

4.1.2 The Topology of Uniform Convergence

Consider the following setup.

Let X be a set and let (Y, d) be a metric space. Define a new metric d on Y by

d 1, V2 Ifd 1, Yo 1
) i O AR ST

1 if d(y1,y2) >1

One way to view this new metric space is as the original metric space ‘squashed’ to a ball of radius

1. It is a ‘trivial exercise’ to show that this is a metric.

Note that (Y, d) and (Y, d) have the same open sets. As a result, one can show they also have
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the same Cauchy sequences and the same convergent sequences.

Along these lines, we can define a ‘uniform metric' and ‘uniform topology’ on YX.

Definition 4.1.3 (The Topology of Uniform Convergence). Let X be a set and (Y, d) be
a metric space. Denote by d the metric described above. The uniform metric is defined

for all i, € YX by
untorm(fi, ) 1= sup {d(A(x), £(x)) | x € X}

We call the induced topology the uniform topology or the topology of uniform con-

vergence.

7

The reason for this terminology is that a sequence of functions converges with respect to the

uniform metric obtained from d if and only if it converges uniformly with respect to d.

It turns out that the uniform metric construction preserves completeness.

Proposition 4.1.4. If (Y, d) is a complete metric space and X is an arbitrary set, then

(YX ) duniform) .

Proof. Let (f,),cy be Cauchy in (YX, duniform). It is easy to see that for all x € X, the sequence
(fa(x)) ey is convergent in (Y, d). Since this metric space is complete, (f,(x)),.y converges to

some limit. We can therefore define

f:X—=Y:x— lim f(x)

n—o0

ie, we take f to be the pointwise limit of the (f,),.y. We will show that in (Y, duniform), the

(Cauchy) sequence (f,), o converges to f.

Fix £ > 0 and assume that € < 1'. Since (f,),cy is Cauchy, we can find some N € N such that
for all ny, ny > N, duniform(fay, f,) < 00. Then, by definition of the uniform metric, for all x € X,
d(fa (%), fnr(x)) <.

We don't need to do this right away, but it makes the rest of the argument significantly simpler because duniform
is defined in terms of d, and d always takes values < 1.
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Send ny — 0. Then, f,,(x) — f(x). Since d is continuous, we can see that d(f, (x), f(x)) < e.
Since this is true for all x € X, it follows that dyniform(fn,, f) < € for all n; > N. This is enough,
because the real numbers “have lots of room” - so even if we “replace the OG epsilon by a smaller

one” we are fine! Yay :) O

We now move to a slightly different context.

Notation. For all topological (and metric) spaces X and Y, denote by C(X,Y) the set of

all continuous functions from X to Y.

For the remainder of this subsection, let X be a topological space and let (Y, d) be a metric space.
Since C(X,Y) is a subset of YX and dynitorm is @ metric on Y, we can restrict duniform to C(X,Y)

and thus view (C(X,Y), duniform) @s @ metric space in its own right.

The following “is like a really important fact”.

Theorem 4.1.5. Let (f,), .y be a sequence in C(X,Y), and assume that there is some

neN
f € YX such that f, — f with respect to duniform. Then, f is continuous, that is, we can

view f as an element of C(X,Y).

Proof. To show that f is continuous at all x € X, welete > 0,& < 1, and nsuch that dy,ir(f,, f) <
€/3 - note the /3 providing evidence that we are thinking ahead! We now know that f, is
continuous at x, so we find some open set U containing x for which we have d(f,(x), f,(x")) < /3,
and also d(f,(x), f,(x")) < g/3 forall x, x" € U. Noting now that d(f(x), f(x')) < d(f(x), f.(x))+
d(fa(x), (X)) + d(F(X), fa(x)) <3-€/3 =& =

The above is best summarised by saying that a uniform limit of continuous functions is

continuous.

Corollary 4.1.6. Let X be an arbitrary topological space and let (Y,d) be a complete

metric space. The metric space (C(X,Y'), duniform) is complete.
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Proof. Let (f,),cy be a Cauchy sequence in C(X,Y'). As before, if we define

f:X—=Y:x— lim f(x)

n—oo

then we know that f, — f in (YX, duniform). Theorem 4.1.5 then tells us that f is continuous, so

fn — fin (C(X, Y), duniform)- -

4.1.3 An Extension Property for Normal Spaces

The uniform metric has many applications. In this subsection, we will investigate one of them: an

extension property for normal spaces.

Theorem 4.1.7 (Tietze Extension Theorem). Let X be a normal space and let A C X be
closed. Let f : A— R be continuous. There exists some g : X — R continuous such that

glA=TF.

“The zen of the proof is that I'm going to reduce the complexity of the situation just
a little bit, and then build, pretty much by hand, a Cauchy sequence of continuous
functions that converge with respect to the uniform metric. I'm then going to take a

limit and get the function that | want.”

Proof. Let h: R — (—1,1) be a homeomorphism. Replacing f by ho f, we may assume that f

is bounded. For any real-valued function g, define the following notation:
18l.a := sup [g(a)]
acA
&1l = sup [g(x)]
xeX
We construct a sequence of functions (f;), .y, the limit of which will be our candidate.

Define fy : X — R by fy = 0. Find ¢y > 0 such that ||f — fy||, = ||f]|; < co. This is something

we can do because f is bounded. We will proceed by recursion.

Suppose we have found a continuous function f, : X — R such that ||f — f,||, < ¢,. Define the
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following disjoint subsets of A:

A= {a €A ‘ f(a) — fa(a) € [_C"' _%]}

Al = {aeA ‘ f(a) — fu(a) € [?} ,cn}

S+

Since A is closed and f — f, is continuous, A. and Al are both disjoint, closed subsets of X.
Since X is normal, we can apply Urysohn's Lemma (Theorem 3.4.1) to find some continuous

¢n: X —[0,1] with ¢, [ A, =0and ¢, [ A} = 1.

Define?

2¢, Cn

gi=3hy

Cn

?1

and on A}, g, is constant with value <.

Observe that on A-, g, is constant with value — 3

Indeed, gn(x) € [—%, %] forall x € X. Thatis, ||g,| < <.

Let f,o1 := f, + gn. Let's examine how f — f,,; behaves on A. Indeed, f — f,11 = (f — £,) — &0

For all a € A, we can see that |f(a) — f,11(a)| < %, so indeed ||f — ]|, < 2.

2¢ch

3, SO we can see that for all

We can then perform the recursive construction choosing ¢, 1 =

neN, ¢, = (%)nco.

By an ‘easy calculation’ one can show that (f,), . is Cauchy with respect to the uniform metric.
Theorem 4.1.5 then tells us that this limit, denoted g : X — R, is indeed continuous. Since

|f — il 4, < ¢, for all n € N and ¢, — 0 as n — oo, we can conclude that g [ A= f. O

Note that it is vital that A be closed in the above theorem. If this is not true, the conclusion is

no longer true.

Counterexample 4.1.8. Let X = S!, the circle. Consider a point p € X and define
A= X\ {p}.

2This is the sort of thing that would not feature in Anand/Tim’s database of motivated proofs...
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4.2 A Study in Compactness
Professor Cummings, in his own words, is about to bore us with a long list of topologies. But |

highly doubt they'll be boring... something tells me they'll be quite the opposite!

4.2.1 The Topology of Compact Convergence

It's time for another topology! After all, there can never be enough topologies...

As usual, let X be a topological space and let (Y, d) be a metric space. A word of warning: the

following definition is one that'll “leave a bit of work to you.”

Definition 4.2.1 (The Topology of Compact Convergence). The topology of compact
convergence on YX is the topology generated by the basic open sets

sup(d((x). 8(x))) <

xeC

Bc(f, €) := {g cyX

indexed by
e Compact sets C C X
e Functions f € YX

e >0

The reason this definition requires some work is that we need to show that the above ‘basic open
sets’ do, indeed, form a basis for some topology on Y*, by showing the appropriate covering

property and the appropriate intersection property. This is an “amusing little exercise.”

Exercise 4.2.2 (An Amusing Little Exercise using Properties of Compact Sets). Show that

the sets B¢(f, ) defined in Definition 4.2.1 do, indeed, form the basis of a topology.

This is useful because in complex analysis, we know that if sequences of holomorphic functions

converge with respect to this topology of compact convergence, their limit is holomorphic too.
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4.2.2 Compactly Generated Spaces

Definition 4.2.3 (Compactly Generated Space). We say that the space X is “compactly
generated” to mean that for all A C X, Ais open in X exactly when, for all compact C C X

we have AN C relatively open in C.

One can think of a compactly generated space as a space in which the topological properties of

our space are captured by its compact subspaces.

Proposition 4.2.4. If X is locally compact or first-countable, then X is compactly gener-

ated.

Proof. We show each case separately.

Case 1: X is locally compact.

Let A C X be such that AN C is relatively open for all compact C C X. Fix x € A. Since
X is locally compact, there is some compact set C C X and some open set U C C such

that x € U. ANC is relatively open in C, so AN U is open. Thus, A is open.

Case 2: X is first-countable.

Let B C X be such that B N C is relatively closed for all compact C C X. It will now
suffice to show that B is closed. To do so, we let x € cl(B), and let (U,)qen be a countable
neighbourhood basis of open sets - by a little topological joke, we observe that V,, = N;<,U;
will also form a (nested) countable neighbourhood basis for x. We now let x, € BNV,
for each n € N, and note that the sequence of (x,) converges to x - finish the proof as an

exercise? sorry

]

“by an ancient and seemingly pointless homework exercise” “I'm getting close to the danger zone

here [running out of time] - EASY!"

We next discuss the “topology of compact convergence’

MOVE

TO
PREV
SUB-

crro




Chapter 4. Topologies on Sets of Functions Page 83

Definition 4.2.5 (Topology of Compact Convergence). Given X a space, (Y, d) a metric
space, the “topology of compact convegrence” has basis consisting of sets B.(f, ¢) of the
form B.(f,€) = {g € YX : sup,cc d(f(x), g(x)) < €} for C C X a compact set, € > 0,
fevYX

To see that it is a basis, you can go through the following (“trivial") exercises:

Exercise 4.2.6. If g € B.(f, ve) there is € > 0 such that B.(g, &') C B.(f, €).

Exercise 4.2.7. In any space, the union of two compact sets is compact.

Note that in this topology,
{B.(f,€) | C is compact and € > 0}

is a basis of open neighborhoods for f.

Theorem 4.2.8. Given X is a compactly generated space, Y a metric space, then if (also)
f, € C(X,y) with (f,)nen such that f, — f € YX in the compact convergence topology,
then f € C(X,Y).

Proof. For all C, f | C — f | C uniformly. so f | C is continuous. Since X is compactly

generated, f is continuous. OJ

Indeed, C(X,Y) is a closed subspace of YX in the topology of compact convergence.

enter the refrain: “we can never have too many topologies’ (and the song goes on...)

4.2.3 The Compact-Open Topology

For this next definition, recall the definition of a sub-basis of a topology (Definition 1.3.6).

[ Definition 4.2.9 (Compact Open Topology). If X,Y are both spaces, then the “compact ]
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open topology” on C(X,Y) is the topology with sub-basis consisting of all sets of the form
S(C,U)={f eC(X)Y)|f[C]CU}

for compact C C X and open U C Y.

“At least it has a memorable name...”

Recall that the continuous image of a compact set is compact. So in the setup above, f[C] C U

looks like a compact set contained in an open set.

We can now prove a cool fact that shows that the two topologies we've explored in this subsection
coincide in the specific case where we are considering the space of continuous functions from an

arbitrary topological space to a metric space.

We begin with a lemma (where we will abuse notation a bit—after all, isn't that the point of

notation?) about compact sets contained in open sets in a metric space.

Lemma 4.2.10. /n any metric space (M, d), if D is compact, V' is open and D C V/, then
there is some € > 0 such that the set
B(D.e) = | B(x.¢)
xeD

is contained in V.

Proof. Consider the distance function

d(- M\V):D — Rsp:ar— inf d(a x)

xeM\V

We know that this function is continuous. Moreover, since D is compact, the image of D in this
function is compact, thus closed and bounded. So it takes a minimum value €. It's easy to check

that this € has the desired property. H

We now introduce “a highly ad-hoc lemma, whose proof | [Professor Cummings| will leave as a

lemma, as it is not particularly edifying.”
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Lemma 4.2.11. Let Z be an arbitrary topological space and M a metric space. Let
h: Z — M be continuous. Then for all z € Z and € > 0, there exists an open neighborhood
U, of z such that h[cl(U.)] C B(h(z), %).

The trick is to consider the dynamic between the image of the closure and the closure of the image.

“It's not very interesting.”

We now come to the main result. Admittedly we're saying the following in a cagey way, but let's

go with it...

Theorem 4.2.12. If X is an arbitrary topological space and Y is a metric space, then on

C(X,Y), the compact-open topology is equal to the topology of compact convergence.

“This is one of those proofs where you kind of just have to grit your teeth and go

through it.”

Proof. We show that the two topologies contain each other.

Compact-Open C Compact Convergence. It is enough to show that S(C, U) is open in the compact [Was

convergence topology. Let f € S(C, U). Observe that f[C] C U is an inclusion of a compact | ISt
set in an open subset of a metric space. This means we can apply Lemma 4.2.11 to conclude das?

that there is some € > 0 such that B(f[C],£) C U.

We now show that C(X,Y) N Bc(1,e) C S(C,U). Fix g € C(X,Y) N Be(1,¢) and fix
x € C. Notice that d(g(x), f(x)) < €, so g(x) € B(f[C],e) C U.

Compact Convergence C Compact-Open. Consider some basic open neighbourhood Bc(f,€) N

C(X,Y) of some f € C(X,Y). It will suffice to find an open neighbourhood of f in the

compact-open topology contained in B¢(f, ) NC(X,Y). We will do it using Lemma 4.2.10,

combining two steps into one because “life is short” (and class is even shorter).

Appealing to Lemma 4.2.10, for all x € X, we can find an open neighbourhood U, > x such
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that

£

fel(U] € B(F(x). )

Since C is compact, we get x, ..., X, such that

e,
i=1

Let C,, = C Ncl(Uy,). This is an intersection of closed subsets, so it is closed; moreover, it

i

is contained in a compact set, so it is compact.
We claim that
- £
fe) s(cx,, B(f(x,-) , g)) C Be(f,€) N C(X,Y)
i=1

There are a couple of things that we have to check that are quite annoying, so we've done

something rather naughty in our mathematics: we've stated two facts in one statement.

First, observe that the containment of f in the first set above is clear from the fact that
f[Cy] C flcl(Uy)] € B(f(xi). §). So now we need to show the containment of the first set

in the other.

Fix g € ﬂles(CX,, B(f(x,-),% ) Then, fix x € C. We know that x € U, for some i.
Since x € C;, f(x) € B(f(x;), %), so g(x) € B(f(x;), ). Moreover, the triangle inequality
tells us that d(f(x), g(x)) < 2e, so

supd(g(x), f(x)) < 2% <&

xeC 3

which shows that g € B¢(f, ).

4.3 Families of Functions

In this subsection, we will investigate convergence properties of sequences of functions in specific

families.
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We have introduced a number of topologies so far, and we have investigated inclusions and other
relationships between them. A useful fact to bear in mind is that in general, the finer the topol-
ogy, the fewer the number of convergent sequences. For instance, in the discrete topology, only
sequences that are eventually constant are convergent. At the same time, topologies that are too
coarse admit too many convergent sequences, to the point where it stops being insightful to study
convergence in these spaces. It turns out the topologies we have studied so far fall somewhere in

the middle.

4.3.1 Equicontinuity

Throughout this subsection, fix a topological space X and a metric space (Y, d).

Definition 4.3.1 (Equicontinuity). Fix a family F C YX.
1. For some point xy € X, the family F is equicontinuous at x iff for all € > 0, there is
an open neighbourhood U > xg such that for all f € Fand x € U, d(f(x0), f(x)) < €.

2. F is equicontinuous if F is equicontinuous at all points in X.

Note that equicontinuity is not the same notion as uniform continuity: we are describing a
family of functions collectively when we talk about equicontinuity. Moreover, they're continuous

“in the same way" (ie, for the same &, the same conclusions hold simultaneously for all of them).

Here is a motivating theorem.

Theorem 4.3.2. Fix a family F C C(X,Y) of continuous functions from X to Y. If
F, viewed as a sub-metric space of the space (YX , duniform), is totally bounded, then F is

equicontinuous.

One may recall we had “a rather arduous” discussion of compactness in metric spaces, which
involved discussion of “total-boundedness” (which stated that for any fixed € > 0, we could cover
our space with finitely many e-balls - this condition can be seen to capture the idea of finite volume).
Now we can view F C C(X,Y) with C(X,Y') considered as a metric space with the uniform metric,

and then if F is totally bounded in the uniform metric, our F must be equicontinuous.

Proof of Theorem 4.3.2. "“This is one of those proofs that writes itself as long as you're a bit careful
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and do things in the right order.”

Fix 0 < € < 1 (we are working in the uniform metric, so we can take € < 1). Fix an arbitrary

point xg € X. We will show that F is equicontinuous at xg.

Let 6 = £. Note that 0 < 6§ < 1 also. Since F is totally bounded, F is expressible as a finite

union of §-balls: there exist fi, ..., f, € F such that

‘F g U Bduniform(fi’ 5)
i=1

The key to uniform boundedness is that we get a finite family that covers F. We can now do the

following.

For each i, f; is continuous at xg, so we can find open neighbourhoods U; > xq such that for all

x € U;, d(fi(x), fi(x)) < &, with d being the metric on Y.

Let U = (_, U;. We know that U is open and that xo € U because xo € U; for every i €

{1,..., n}. We're now ready to show that F is equicontinuous at xg.

We now consider an arbitrary function f € F and an arbitrary x € U, and find 1 < i < n such
that duniform(f, f;) < 8. For our fixed x € U, we know that
d(fi(x), fi(x0)) <6
d(f(x), fi(x)) <6
d(f(x) . fi(x0)) < 6
Applying the triangle inequality, we can see that

d(f(x), f(x0)) < d(£i(x), fi(x0)) + d(f(x), fi(x)) + d(f(x0) , fi(x0)) <3¢ = ¢

Since £ < 1, d(f(x), f(x0)) = d(f(x), f(x0)), and we're done. O

Recall that the product topology on YX (where Y is a space and X is a set) is called the “topology
of pointwise convergence” (cf. Definition 4.1.1). We also recall that the metric topology on
YX (where Y a metric space and X a set) which is induced by the uniform metric is called the

“topology of uniform convergence” (cf. Definition 4.1.1).
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4.3.2 Pre-Compactness

Definition 4.3.3 (Pre-Compact Sets). Let X be a topological space. We say that A C X

is pre-compact if cl(A) is compact in X.

It is easy to show the following.

Lemma 4.3.4. If X is Hausdorff, for all A C X, A is pre-compact if and only if there is a
compact K C X such that A C K.

Next, we will introduce the notion of an evaluation map, which has connections to category theory.

4.3.3 Evaluation Maps

Definition 4.3.5 (Evaluation Map). Let X and Y be topological spaces. The evaluation

map e : C(X,Y) x X — Y is the map sending any pair (f, x) to f(x).

This is clearly just uncurrying in disguise. (ls it even in disguise?)

Given that both X and C(X,Y’) can be viewed as topological spaces (the latter in many, many

ways, as we have seen so far), it is natural to ask ourselves when this map is continuous.

Proposition 4.3.6. If X is a locally compact Hausdorff space and C(X,Y') is endowed with

the compact-open topology, then the evaluation map e : C(X,Y) x X — Y is continuous.

Proof. Fix (f,x) € C(X,Y) x X, so that e(f, x) = f(x). Fix an open neighbourhood V C Y of
e(f, x) = f(x). Since X is locally compact and Hausdorff and f is continuous, we can find open

neighbourhoods U > x such that cl(U) is compact and f[cl(U)] C V.

Consider S(cl(U),V) x U. Itis clear that (f, x) € S(cl(U),V) x U. If (f',x") € S5(cl(U),V) x U,
then e(f', x") = f'(x) € V. O
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4.3.4 The Arzela-Ascoli Theorem

Theorem 4.3.7 (Arzela-Ascoli). Let X be a topological space, let (Y, d) be a metric space,
and let F be a family of functions from X toY such that

1. F is equicontinuous (in particular, F C C(X,Y))

2. Forall a€ X, the set F, ={f(a) €Y | f € F} is pre-compact in Y .

Then, F is precompact with respect to the topology of compact convergence on C(X,Y).

“The proof is not that long, but it is sneaky: it's going to involve topologies other than
the compact convergence topology. We're going to use the topology of pointwise
convergence on the set of all functions from X to Y, but we're going to use the
topology of compact convergence on the set of continuous functions. So hold your

hats, everyone, because this might get confusing!”

Proof. Let G C YX be the closure of F in YX (with respect to the pointwise convergence

topology) - we can think of this as including all pointwise limits of subsequences of functions ins

C(X,Y) (right?).

We begin by showing that G is compact with respect to the pointwise convergence topology. In

fact, this is where we use the pre-compactness hypothesis.

Observe, first, that G C [[,cxcl(Fa). Tychonoff’'s Theorem (sorry) tells us that cl(F;) is

compact, so G, which is closed, is compact.

All of this is closure and compactness with respect to the topology of pointwise

convergence (and the corresponding product topology).

Next, we will show that G is equicontinuous. In particular, this will show that G is actually contained

in C(X,Y).

Fix € > 0 and xo € X. As F is equicontinuous at xp, we can find U C X with xo € U and for all
f e Fand x € U, d(f(x), f(x0)) < §. It turns out that this same U is precisely the magic U that

works for G with constant ¢!

add
CR
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Fix x € U and g € G. Consider the open-neighbourhood (pointwise convergence topology)

{heY| d(h. £(09) < 5 and d(h(x0) &(x0)) < 5 } > 8

Since we also have g € G = cl(F), we can find some f € F such that d(f(x),g(x)) < § and

d(f(x0) . &(x0)) < 5. Thus, we get

£ € ¢
d(8(x). (%)) < d(g(x). F(x)) + d(F(x). F(x0)) + (7o) . gx0)) < 5+ 5 + 5 = ¢
Finally, we will show, remarkably, astonishingly, that on G, the topologies of compact convergence
and pointwise convergence actually agree! If we can show this crazy fact, we will effectively be
done. The reason is that we already know G is compact with respect to the compact convergence

topology, so this would make F is pre-compact in that topology.

It is easy to show that the topology of compact convergence is contained in the topology of
pointwise convergence. Let g € G. Consider Bc(g,€) NG for some C compact and € > 0. Since
G is equicontinuous, for every x € X, there is some U, 3 x such that for all g € G and x' € U,,

d(g(x),g(x")) < 2. As C is compact, we can find xi, ..., x, € C such that

cgo%
i=1

ie, we obtain a finite subcover from the open cover of all of the U,s. Consider the set
€ )
N = {h €g ) d(h(x;), g(x)) < 2 forall1 <i< n}

This is a basic open neighbourhood of g with respect to the pointwise convergence topology
on G. It turns out that N C B¢(f,€) N G. Indeed, for all h € N, let x € C. We know that there
is some 1 < i < n such that x € U,, because {U,, C X | 1 <i < n} an open cover of C. Now,

since g, h € G and x, x; € U,,, we have

d(g(x), h(x)) < d(g(x),80x)) + dlglx) M) + (), hx)) < >

sorry(wrap up the overall proof) O

main points to remember for (let us say) the topology basic exam: the interplay between

different topologies is key. there is a devious little argument to show that the topologies of pointwise

why...

think

have
we
alr

shown

maybe

~J
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convergence and compact convergence coincide on G. [Also seems important to remember to

remember this proof for the basic exam...]



Chapter 5

An Introduction to Algebraic Topology

In this chapter, we will dip our toes into the very deep, very interesting waters of Algebraic Topology.

We will begin by reviewing some important notions from Category Theory.

5.1 A Word on Category Theory

There is a so-called ‘structuralist’ view of mathematics, which deems that structure-preserving
maps between objects are just as important as the objects themselves. It is this that motivates our

study of the theory of categories.

5.1.1 Objects and Morphisms

We begin by defining a category.

Definition 5.1.1 (Category). A category consists of the following data.
1. A class of objects, usually denoted Obj(C).
2. For each pair of objects A, B € Obj(C), a class of morphisms from A to B, denoted
Hom¢(A, B). This class can be empty.
3. For each object A € Obj(C), a distinguished morphism ids € Hom¢(A, A), known

as the identity morphism on A.

93
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4. For each ordered triple of objects A, B, C € Obj(C), a composition map
o : Hom¢(A, B) x Home(B, C) — Home(A,C) : (f,g)— gof

such that
(i) o is associative, ie, for all objects A, B, C, D € Obj(C), f € Hom¢(A, B), g €
Home¢(B, C), and h € Hom¢(C, D), we have (hog)of = ho(gof).
(ii) For all objects A, B € Obj(C) and morphisms f € Hom¢(A, B), we have foids =
f and idg of = f.

We now introduce a wee bit o' notation before goin' forward.

Notation. We denote by Mor(C) the class of all morphisms in a category C. Moreover, for

any f € Mor(C), we denote by dom(f) its domain and by cod(f) its codomain.

There are numerous examples of categories, some familiar and some unfamiliar.

Example 5.1.2 (Sets). We can define a category Set whose objects are sets, whose mor-
phisms are maps between sets, and in which the composition map is the standard composition

of funtions.

There is a slightly less familiar example that is of a computer scientific flavour.

Example 5.1.3 (Pre-Orders). Let X be any set. Let < be a pre-order on X, ie, a binary
relation that is reflexive, antisymmetric and transitive. We can define a category (X, <)
such that
1. The objects of (X, <) are single-element sets containing the elements of X. le, if
X =N, then Obj(X) = {{0},{1},{2},...}. In particular, Obj(X) is a set—in fact,
a set that is in bijection with X.
2. For any {x},{y} € Obj(X), there can be a unique function f : {x} — {y} (in the
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category of sets). In the category (X, <), we say define

the sole function {x} — {y} ifx<y
Homx <) ({x}.{y}) =
0 otherwise
3. We know that < is reflexive, so we have the identity morphism from any {x} to itself.
4. Composition of functions is the standard set-theoretic composition of functions:
(i) This is sensible because composition of functions and pre-orders are both transi-
tive.
(ii) This is associative because the set-theoretic composition of functions is associa-
tive.
(iii) There does exist an identity on every object with respect to this composition

operation because the pre-order is reflexive.

We can also do the above example much more abstractly, where we say two elements of a pre-order
have an arrow going from one to the other if and only if it is less than or equal to the other. In
other words, rather than having the arrows actually be functions, we can have the arrows purely

be formal objects that we use in lieu of the < symbol.

Along the same lines, we show how we can use the information we have about the structure of
a monoid to turn it into a category with arrows representing the action of its elements via the

monoid operation.

Example 5.1.4 (Monoids). Let M be a monoid with with operation x and identity e. We
can view M as a category C with the following data.
1. There is only one object in this category. This object can be anything. We denote it
*. le, we have Obj(C) = {x}.
2. We can allow M to act on * syntactically. This means that we associate to any x € M
a map * — x, which we denote by an arrow from x to itself. When we say this action
is syntactic, we mean that we do not distinguish actions by their effects, ie, we do not
view these actions of elements of M as maps from % to * (because in that case, we

would need there to be enough maps from % to % to account for all elements of M).
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Instead, we view these actions as fabels on the arrows from « to itself.

3. The identity morphism on x is the action of the identity element e € M.

4. Composition of morphisms is given by the monoid operation x. This is associative
because the monoid operation is associative, and the identity morphism is an identity
with respect to this composition because it is associated with the identity element of
the monoid.

A specific thing that we can take x to be is the monoid M itself (ie, Obj(C) = {M}).
Then, the morphisms in C correspond to the monoid homomorphisms M — M by (left-
Ymultiplication by elements of M. In other words, we describe C by the standard action of

M on itself.

.

Finally, the prototypical example that we will care about in this course.

Example 5.1.5 (Topological Spaces). We denote by Top the category of topological

spaces, consisting of the following data:

Obj(Top) = The class of all topological spaces
Hom¢(A, B) = C(A, B)

for all objects A, B € Top. We know that this does, indeed, form a category because a
composition of continuous functions is continuous, and moreover, the identity function from

a topological space to itself is continuous.

At first, it seems odd to say that the identity is a continuous function, because that is a standard
example of a continuous bijection that isn’t a homeomorphism. We can reconcile this tension via

the following observation (more like warning).

Warning. If X is a set with topologies 71 and 75, then (X, 71) and (X, ;) are distinct

objects in Top.

Indeed, the set function idx : X — X may not be continuous, but this does not violate the
requirement that the identity be a morphism, because such a function would not be an identity

morphism in the category Top. Even if it is continuous, it would be a non-identity morphism
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because its domain and codomain objects are distinct.

Amongst the above examples, the category Set stands out as being the ‘largest’: in the other two
examples, the class of objects was actually a set. This is not true in Set. That being said, in all
our examples, the morphisms between any two objects formed a set. We make two definitions here

to capture this idea.

Definition 5.1.6 (Locally Small Categories). A category is locally small if the class of

morphisms between any two objects is a set.

In this module, we will not study any categories that are not locally small. We next define a

category that is even more restrictive.

Definition 5.1.7 (Small Category). A category is small if it is locally small and the class

of objects is a set.

All the examples we have discussed so far are of locally small categories. Set, however, is not a

small category, whereas pre-ordered sets and monoids are small categories.

Finally, we define a construction that flips arrows in a category.

s a

Definition 5.1.8 (The Opposite Category). Given a category C, the opposite category
C°P is defined as follows.
1. The objects of C°P are the same as the objects of C.
2. For each pair of objects A, B € Obj(C), we define Homce: (A, B) = Home(B, A).
3. For each object A € Obj(C), the identity morphism in C°P is the same as the identity
morphism in C, i.e., ida.
4. For each ordered triple of objects A, B, C € Obj(C), the composition map in C° is
defined by reversing the order of composition in C, i.e., for f € Homces(A, B) and
g € Homeo (B, C), we define go f in C°P to be f o g in C.

One can show that the above data does, indeed, form a category.
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5.1.2 Functors

It turns out that we can define a meaningful notion of mapping categories to categories. We call
such maps functors. There are two notions of functors: covariant functors and contravariant
functors. When we don't specify whether a functor we're defining is covariant or contravariant, we

will assume it to be covariant.

Definition 5.1.9 (Covariant Functor). Given categories C and D, a covariant functor
F : C — D associates
1. To each object A € |C|, an object F(A) € |D|.
2. To each pair of objects A, B € |C|, a map F : Hom¢(A, B) — Homp(F(A), F(B))
such that
(i) For all objects A € |C|, F(ida) = idg(a).
(ii) For all objects A,B,C € |C| and morphisms f € Hom¢(A,B) and g €
Hom¢(B,C), F(g o f) = F(g) o F(f).

A functor is essentially something that associates objects to objects and arrows to arrows in
a manner that preserves composition. Covariance means that the directions of the arrows are

preserved. We also have a notion of functors that reverse arrows.

Definition 5.1.10 (Contravariant Functor). Given categories C and D, a contravariant

functor F : C — D is a covariant functor F : C°® — D.

To some degree, we can view functors as ‘structure-preserving maps' between categories, ie, as

‘morphisms’ between categories.

Example 5.1.11 (The Category of Small Categories). We denote by Cat the category
whose objects are small categories and whose morphisms are functors between small cate-
gories. The identity morphism on a small category C is the identity functor ide : C — C.

The composition operation on morphisms is the composition operation on functors.

There are many examples of functors with which we are familiar.
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Example 5.1.12 (Exponential Functors). Recall from ?? that monoids can be viewed
as categories. Consider the monoids (N, 0,+) and (N, 1, x). We can define a functor
F:(N0+) - (N,1,x) by F(+) = x and F(n) = 2". This is a functor because it

preserves the monoid structure.

.

It turns out we can say something about all functors from posets to arbitrary categories (noting

that a poset can be turned into a category via its pre-order structure, as shown in Example 5.1.3).

Example 5.1.13. Let (P, <) be the poset {pi, p2, p3} with ordering p; < p, < p; and

p1 < p3. The following commutative diagram represents all of (P, <):

7N

P1 < > P3

A functor F : (P, <) — C for any category C is then just a commutative diagram of the

above shape in C.

\.

Functors will be very important for the remainder of this course. Indeed, our objective, going
forward, will be to define a nice functor m; from the category Top, of pointed topological spaces

to the category Grp of groups.

5.2 Homotopy
Next, we take our first step on the path to defining the fundamental group(oid): defining paths!

Throughout this section, let X be a topological space. A path is exactly what one would think.

Definition 5.2.1 (Path). Fix points x, x; € X. A path in X from x; to x; is a continuous

function <y : [0, 1] — X such that (0) = xo and (1) = x;.

A loop is also exactly what one would think.
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Definition 5.2.2 (Loop). Fix a point x € X. A loop in X centred at x is a path from

X to x.

5.2.1 A Word on Paths

It turns out that paths can be composed, provided they are ‘compatible’.
Proposition 5.2.3 (Composing Paths). Fix points xo, x1, X2 € X. If 7y is a path from x to x;

and & is a path from x; to x,, then the function

(2t ifo<t<i
e:[0,1] = X t— (21) ?
6(2t—1) ifi<t<1

is a path between xy and x.

Proof. It is clear that € is a well-defined function: at the point t = %

v(2t) =(1) = x; = §(0) = 6(2t — 1)
So indeed the function is well-defined.

All we need to show is that ¢ is continuous. But this is true because of a homework exercise in
which we showed that if we have a space that is a union of two closed sets then we can continuous
‘glue’ together continuous functions that agree on the overlap of these closed sets. So ¢ is the

‘gluing’ of «y of 4, and is hence continuous. ]

Definition 5.2.4 (Composition of Paths). Fix points xp, x1, X2 € X. If y is a path from xg
to x; and & is a path from x; to x», then the function € : [0,1] — X defined as above is

called the composition of v and §. We denote it § x -y or simply §+.

The problem with this notion of composition, though, is that it is not associative: given paths
v,6,€:[0,1] — X that are compatible, the compositions £(6) and (£8)~y have the same range,
but they go at different speeds! So they're not quite the same function. Nevertheless, they are

homotopic: a notion we will explore in the next subsection.

Add
sth

here
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5.2.2 Homotopies between Functions

For the remainder of this chapter, we use the following notation for a ‘rather nice’ topological

space with which we are already quite familiar.

[ Notation. Denote by I the unit interval [0, 1] endowed with the Euclidean topology. ]

for the remainder of this subsection, denote by X and Y two topological spaces. We now define a

homotopy of two functions between topological space.

Definition 5.2.5 (Homotopy between Functions). Let f,g : X — Y be continuous. A
homotopy from f to g is a continuous function F : X x I — Y such that F(x,0) = f(x)
and F(x,1) = g(x) for all x € X.

The picture we want to have in mind is the following.

,,,,,,,,,,,,,,,,,,,,,,,,

Figure 5.1: Homotopy of Functions

Recall that we previously sketched that a “path from x to x’ in X is some continuous function

v : I — X satisfying y(0) = x, y(1) = x’. But now it's time for another definition:

Definition 5.2.6 (Path Homotopy). Given 7, é paths from x to x’ points in X, we say
that a “path homotopy from  to 8" is a continuous F : I x I — X satisfying F(s,0) =
y(s), F(s,1) =4(s) for all s € X, and F(0,t) = x, F(1,t) = x' for all t € I.

Note that “it is annoying” both indices of the homotopy F(s, t) take value in I, but remember

what homotopy is.
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Recall the apparition last class which presented to us that for v a path from x to y, § a path from

v(2t) for t € [0,1/2]
y to z, then we could compose the paths to get y o é(t) =

5(2t —1) for t € [1/2,1]

The following is an easy exercise. (“there will be a lot of these...")

Exercise 5.2.7. If «y is a path homotopic to </, then for all ‘compatible’ paths §, v ¢ is

homotopic to 7' % 4.

The homotopy in question is particularly nice, because the bit of the path corresponding to §

(which corresponds to “time indices” ranging from 0 to 1) is held constant.

We also now go back to an example we saw earlier, where we said that y x (6 x€) and (yx ) x ¢
are not necessarily equal (where 7y, §, € are composable paths). However, these paths are, as it

turns out, homotopic.

7

Exercise 5.2.8. Let X be a space and let 7,6, ¢ : [0,1] — X be composable paths. The
paths

Yx(d*xg) and (y*xd)xe

are homotopic.

\.

It is also possible to show that homotopy is an equivalence relation on the space of paths from one

point to another.

Proposition 5.2.9. Given points x,y € X, the relation ~ on the set of all paths between
x and y expressed by path homotopy is an equivalence relation.
Proof sketch. We don't give a full proof because “life is too short”...
1. Reflexivity. The identity is a homotopy.
2. Symmetry. Run the clock backwards.

3. Transitivity. You can do some trickery...
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5.3 The Fundamental Group

How sneakily he defined the “homotopy groupoid.”

5.3.1 The Homotopy Groupoid and the Fundamental Group

Something that Proposition 5.2.9 allows us to conclude is that the operation x of composition of

paths is really an operation on the space of equivalence classes of paths, up to homotopy.

Suppose now that we have paths 7, §, € with 7y from xp to x; and € from x, to x3, and & from x;
to xp, it is also “easy” to show ("I keep saying that 'this is easy’, but that's because it is") that

v % (8 x €) is homotopic to (y % §) x €.

Definition 5.3.1 (The Fundamental Group). Let (X, x) be a pointed space. We define the

fundamental group of X based at x to be
{Loops in X centred at X}/homotopy

That is, 71 (X, x) is the set of path homotopy classes of loops at x.

We can, in fact, think of x as a binary operation on the fundamental group.

Proposition 5.3.2. The fundamental group of a pointed space (X, x) is indeed a group
under x.

Proof. The usual litany of properties...
1. Associativity. Exercise 5.2.8

2. Identity. Just pick the “stupidest possible loop™: the homotoy class of the loop id, : I — X :
t — x. This is indeed a two-sided identity of this binary operation (because you're thinking

about things up to homotopy).

3. Inverses. Let v be a loop at x. Definey™ : I — X :t+ (1 —t). Let [y] be the path
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homotopy class of . It is not hard to show that [y] x [y~!] = [id.]. Composition the other

way works identically.

]

Moreover, we have machinery that allows us to be basepoint-independent in path-connected spaces.

Exercise 5.3.3. Fix points x,y € X. If there is a path from x to y, then 7 (X, x) =
7T1(X, y)

Lemma 5.3.4. Let~y: I — X be a path from x to x' be a path from x to x' in X, and let
f : X —Y be continuous. Then,

1. foy:I—Y isa path from f(x) to f(x') inY.

2. If 4 is path-homotopic to another path § from x to x', then f o« and f o § are

path-homotopic in'Y .
“Honestly, it's a work of a moment to...just do it! It makes perfect sense if you think about the
types.

Now here's the fun really getting started.”

5.3.2 Functoriality of m

In this subsection, we show that 7y is, in fact, a functor from the category of pointed topological

spaces to the category of groups.

First, we recall that a morphism in the category of pointed topological spaces is a continuous func-
tion that preserves basepoints. If we can show that such functions induce group homomorphisms in

some ‘natural’ sense, then we can use that as a candidate for how 7; should behave on morphisms.

Proposition 5.3.5 (Behaviour of 7; on Morphisms). Let x,y be distinguished points in

X and Y. Consider a morphism f : (X, x) — (Y, y) in the category of pointed topological
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spaces. f induces a group homomorphism

w1 (F) : (X, x) = m(Y,y) 1 [v] = [f o]

Proof. sorry O

We are now ready to show that 7r; respects the composition structure of Top,.

Theorem 5.3.6 (Functoriality of ;).

1. For all pointed topological spaces (X, x) € Top,,
71 (id(xx)) = idm (x,x)

2. For all (X,x),(Y,y),(Z,z) € Top, and morphisms f : (X,x) — (Y,y) and g :
Yoy) = (Z,2),

mi(g o f) = mi(g) o mi(f)

Proof. This is not very difficult or interesting... sorry(or not). O

5.3.3 The Fundamental Group and Path-Connectedness

Throughout this subsection, fix a topological space X. Recall that X is path-connected iff for all

x,y € X, there exists a path from x to y.

We can apply the functorial properties of the fundamental group to show the following interesting

fact.

Proposition 5.3.7. If x and x" are points in X and vy is a path from x to x', then <y induces

a group isomorphism from (X, x) to w1 (X, x').

Proof sketch. This proof will leave a “certain amount of work to [the reader].”

Let 7y be a path from x to x’. Map any [§] € m1(X, x) to [y~* & x]. It is possible to verify that
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this is indeed an isomorphism. H

Note that when talking about the fundamental group, we only care about paths up to homotopy

(and so in this statement, we aren't really making claims about individual/specific paths).

Another insight we can glean from the above result is that in path-connected spaces, the choice

of basepoint is immaterial. We will therefore adopt the following notation.

Notation. If X is a path-connected space, then whenever we wish to describe the isomor-
phism type of its fundamental group, we will simply write 71(X). In particular, we will omit
any mention of a basepoint because the choice of basepoint in a path-connected space does

not have any bearing on the isomorphism type of the fundamental group.

5.3.4 Application: A Homotopy Theoretic Proof of Brouwer’s Fixed

Point Theorem

In this subsection, we give a rather pleasant proof of Brouwer's Fixed Point Theorem using what

we know about the fundamental group.

Local Notation. Throughout this subsection (and only this subsection), denote by
1. D the unit disc {(x,y) € R? | x* + y?> < 1}

2. S the unit circle {(x,y) e R? | x> + y* = 1}

. 7

We begin by computing the fundamental groups of these objects.

Example 5.3.8 (Fundamental Group of the Disc). Since D is contractible, its fundamental

group is the trivial group.

Example 5.3.9 (Fundamental Group of the Circle). m1(S) = Z. The choice of basepoint

is immaterial because S is path-connected.

Theorem 5.3.10 (Brouwer's Fixed Point Theorem). For all f : D — D is continuous,

there is some p € D such that f(p) = p.
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Proof. Fix some continuous f : D — D. Suppose that for all p € D, f(p) # p. Defineg: D — S

as follows: for all p € D,

1. Draw a straight line from f(p) to p (which is something we can do unambiguously because

f(p) # p).

2. Let g(p) be the point where this line meets S.

The picture we want to have in mind is the following.

Figure 5.2: Caption

There are two key points we will show (sorry):
1. Forall p€ S, g(p) = p.
2. g is continuous.

Given these points, the proof becomes quite simple: if i : S — D denotes the (continuous)

inclusion map from S to D, then for any p € S, the following diagram commutes in Top,:

(S.p) —— (D, p)

| ls
ids

(S, p)

Since 7y is a functor, we can apply it to the above commutative triangle to get the following
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commutative triangle in Grp:

7 71(i)

0
m lﬂl(g)
7

But it is impossible for this diagram to commute, because idz is obviously not the trivial homo-
morphism. So, we cannot define such a function g at all points, and the only reason we cannot

do that is that there is some point that is fixed by f. O

5.4 Covering Spaces

Throughout this section, let X and E be topological spaces, and let w: E — X be a continuous,

surjective function.

5.4.1 Definitions and First Examples

We begin by defining what it means for E to be a covering space and for 7 to be a covering map.

( "

Definition 5.4.1 (Covering). We say that 7 is a covering map if for every x € X and
every open set U C X containing x, there exist disjoint, open subsets (V;),; of E such that
1 U] = Uyes Vi
2. 7 [ Vi is a homemorphism between V; and U

If 7 is a covering map, we call E a covering space. Together, a covering map and a

covering space are often just called a covering.

The picture we want to have in mind is the following.

Figure 5.3: Caption
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A classic example of a covering space is the helix as a covering space of the circle.

[ Example 5.4.2 (The Helix and the Circle). sorry

5.4.2 Path Lifting

In this subsection, we show that we can lift paths in a space to paths in a covering space.

First, we say, in more precise terms, what it means to be a lifting. There is, in algebraic topology
(or rather, in category theory), the notion of a lifting problem. Such a problem asks, given
objects and morphisms as follows, with 7 being epic, to find a morphism § making the following

diagram commute:
E
35/,/” lﬂ'
I—— X
These suggestively named objects and morphisms correspond exactly to the following property

about covering spaces. In fact, the following theorem is even stronger, as it guarantees uniqueness

of &, with the notation I corresponding to [0, 1] endowed with the Euclidean topology.

Theorem 5.4.3 (Path Lifting Theorem). Let m: E — X be a covering map. Fix points
x,y € X, and let v : I — X be a path from x toy in X. Let x' € E be some point such

that m(x') = x. Then there is a unique lifting § of -y such that §(0) = x’.

Proof. For each t € I, we will apply the definition of being a covering map (Definition 5.4.1):
denote by U; > «y(t) an open neighbourhood of «y(t) such that U(t) is uniformly covered (which

we know exists). Observe that
{v'u]lclo1]]|telo1]}

forms an open covering of [0, 1]. Since [0, 1] is compact, it is easy to find tp =0 < t; < --- <
t, = 1 such that for all 0 < i < n, [[t;, t;+1]] is contained in an ope subset of X which is uniformly

covered. Call such a subset W;

We now construct the desired path § in the covering space E. Define §(0) = e, p(6(0)) = p(e) =
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x = (0) = ¥(ts). Then, A[[to, t]] € Wo.

As W is uniformly covered, we can find an open set Wi C E such that e € W and p [ W{ is a

homeomorphism between W{ and W.

To define §(t) for t € [ty, t], let §(t) be the unique z € W{ such that p(z) = «(t). That s, 4, on

the interval [to, t], really looks like a composition of p~! and :

5t t] =(p T WE) o (I [to, t])

And since that was so much fun, we'll do it again. Suppose that i/ < n, and we have defined
S | [to, t;] such that & is continuous and p(8(t)) = y(t) for all t € [ty, t;] - in particular, p(6(t;)) =
v(t;) and 9[[t;, ti11]] C W; is open and uniformly covered. Therefore, we can find W* so that

1

6(t;)) € WF and p [ W is a homeomorphism from W to W;. In particular,

1

6 I'[titia] =(p T Wi*)il o (v I'[ti, tita])
Thus, we have shown that a lifting of §, with pod = and 6(0) = e, exists.

To show that § is unique, we will show that for each i, § [ [to,t;] is unique. Let &' denote
a lifting that isn't necessarily equal to the lifting § constructed above. We will show that ¢’ |

[to, t; = 6 | [to, t;]] for all i.
We will show this for i = 1 and then wave our hands around and claim that this is enough.

Observe that §(t) € W§ for all t € [to, t1]. Moreover, §'(0) = e € W{. If we can show that
8'(t) € W for all t € [to, t1], then & [ [to, t1] = &' | [to, ta].

We will do this with a connectedness argument: as W, is uniformly covered, p~1[W] \ W is
an open set. Now, if there exists some t € [1 + 0, t;] such that &(t) ¢ Wg, then § *{W{] and

6 Hpt[Wo] \ Wg] will disconnect [to, t1] (and hence we reach contradiction). O

5.4.3 Homotopy Lifting

It turns out we can do the same thing as above, except with homotopies rather then paths. The

idea is to do exactly what we did above, except inside a space of paths, whatever that means...
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Definition 5.4.4. Let p : E — X be a covering map, and let <y, d be paths in X which
are path homotopic (i.e. (0) = 6(0) = x,¥(1) = §(1) = y) via a path homotopy
F :[0,1] x [0,1] — X, and let e € E be such that p(e) = x. We then let 4/, § be the

unique lifts...

We are not going to get a careful proof of homotopy lifting because it is extremely lifting - we are

just going to wave our hands and say we will do something similar to the proof of path lifting.

5.5 Spaces with Convenient Homotopy Properties

The material in this section will be more relevant to the basic exam than the course final.

5.5.1 Simply-Connected Spaces

One interesting thing we can do using fundamental groups is describe homotopy properties of a

space.

Definition 5.5.1 (Simply-Connected Spaces). We say X is simply-connected if X is
path-connected and 71(X, x) = 0 for all (any) x € X.

Recall, from Definition 5.4.1, that p : E — X is a “covering map" if p is a continuous and surjective
map such that for all x € X there exists an open neighborhood U of x satisfying p~1[U] = UV

with the V; disjoint open sets such that p [, a homomorphism between V; and U for all i € I.
Additionally, we have seen, in Theorem 5.4.3, that paths in spaces lift uniquely to paths in covering.

We now define the notion of homotopy equivalence of spaces.

Definition 5.5.2 (Homotopy Equivalence of Spaces). We say that topological spaces X and
Y are homotopy equivalent or homotopic if there are continuous functions f : X — Y

and g : Y — X such that f o g is homotopic to idy and g o f is homotopic to idx.

Recall the path lifting theorem (Theorem 5.4.3), which tells us that if m# : E — X is a covering

map and <y : I — X is a path from x to y in X and we have x’ € E, then there is a unique(!)
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path § : I — E such that §(0) = x' and po § = 1.

We now also recall the covering space we have for the circle S = {(x, y) : x> + y? = 1}, which
is the helical structure H = {(cos(27t),sin(27t), t) : t € R} - we can see that H is a pretty nice

space, in that H is homeomorphic to R and simply-connected.

Definition 5.5.3 (Homotopy Lifting). Let X be a topological space and let 7 : E — X
be a covering. If a,8 : I — X are both paths from x to y in X, homotopic via some

H:IxI— X,

We now let x’ € E such that m(x’) = x, and &' : I — X its unique &/(0) = x’ with po o’ = &

and B’ : I — X such that g'(0) = x' and po B/ = 6.
Here is a theorem we will prove by a picture (which “you may find suggestive”).

Theorem 5.5.4. In the notation above, o' is path homotopic to ' via the unique path

homotopy H', with po H' = H.

Proof by picture. Consider the following:

Figure 5.4: Caption

This is called monodromy.



Chapter 5. An Introduction to Algebraic Topology Page 113

It turns out that there is an equivalent characterisation of simply-connected spaces.

Proposition 5.5.5. A topological space X is simply-connected if and only if for any two

points x, y € X, any two paths from x to y are homotopic.

Proof. sorry

Finally, we define a weaker version of simply-connectedness.

Definition 5.5.6 (Local Simply-Connectedness). A topological space X is locally simply-

connected if every point in X has a simply-connected neighbourhood.

Next, we discuss another nice (and related) class of spaces, known as contractible spaces.

5.5.2 Contractible Spaces

Fix a topological space X.

Definition 5.5.7 (Contractibility). We say X is contractible if idx is homotopic to a
constant map, ie, if there exists some xog € X such that idyx is homotopic to f : X — X :

X Xp).

It is easy to show that this is a stronger property than simply-connectedness.

Proposition 5.5.8. If X is contractible then X is simply-connected.

Proof. sorry

However, the converse is not true.

Counterexample 5.5.9 (A Simply-Connected but Non-Contractible Space). The space
$?={(x,y,2) eR’ | X* +y* + 2 =1}

is simply-connected but not contractible.
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The idea is to show that the closed ball
B={(xy z) e R3 ‘ XX+y?+22< 1}

satisfies the Brouwer Fixed-Point property. The reason for this is that there is no retraction
from B to S?—really, we can use the same technique we used for the disc in R2. This will

then show that S? is not contractible.

This is quite related to the broader theory of retractions.

5.5.3 Retractions and Homotopy Retractions

Let X be a topological space and A a subspace of X. Recall the following definition (which
appeared in HW 10, Question 4).

Definition 5.5.10 (Retraction). A retraction from X to A is a continuous function

f: X — Asuch that f | A= ida. If such a retraction exists, we call A a retract of X.

Note that for any point xo € X, the singleton A = {xo} is a retract because the constant map

with value xqg is a retraction.

We can define a more general type of retraction called a homotopy retraction.

Definition 5.5.11 (Homotopy Retraction). We say that a function H : X x [0,1] — X is
a homotopy retraction of X to A if
HR 1. H is continuous
HR 2. H(x,0) = x for all x € X
HR 3. H(x,1) € Aforall x e X
HR 4. H(a,1)=aforallac A

ie, if H is a homotopy between idx and a retraction from X to A. In this case, we say that

A is a homotopy retract of X.

We noted that a singleton of X is always a retract of X. However, it is not always a homotopy

retract of X.
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Proposition 5.5.12. A singleton of X is a homotopy retract of X only if X is contractible.

Proof. sorry O

We can make an even stronger definition (literally).

s ™

Definition 5.5.13 (Strong Homotopy Retraction). We say that a function H : X x [0, 1] —
X is a strong homotopy retraction from X to A if H is a homotopy retraction and
satisfies the additional property that
HR 5. H(a,t) =aforallac Aand t €[0,1]

It turns out homotopy retracts have some intuitive properties that we can use to understand them

better.

Lemma 5.5.14. If A is a homotopy retract of X, then X and A are homotopy equivalent.

Proof. Let H : X x [0,1] — X be a homotopy retraction. Let iy : A — X be the inclusion map
and let ja : X — A be defined so that ja(x) = H(x, 1). Observe that

Jaoia=ida inoja=H(-1)

just by unfolding definitions. Thus, H can be viewed as a homotopy from idx to iy o ja = ida,

which tells us that H is a homotopy from X to A. H

5.6 Universal Covers

Throughout this section, let X be a path-connected space.

Definition 5.6.1 (Universal Cover). A universal cover for X is a simply-connected cov-

ering space E.

Example 5.6.2 (A Universal Cover). The helix is a universal cover of the circle.
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Recall the definition of a locally simply-connected space (sorry).

Lemma 5.6.3. Recall that X is path-connected. If X is additionally locally simply-

connected, then X has a universal cover.

Proof sketch. The idea of the proof is that if 1 : E — X is a covering map with E simply-
connected, then for all x € X, there is a bijection between E and the set of path-homotopy classes
of paths 7y beginning at x. Remember that we do have homotopy lifting. The way this bijection
is going to work is the following: we will forget about homotopy for a minute, and imagine that
we have a path « living downstairs in X. We will fix upstairs some x’ in the fibre of x and lift
the destination of «y to some y’. y’ depends only on the path homotopy class of y. Moreover, E
is path-connected, which implies that we have a surjection. Since E is simply-connected, any two

paths in X from x’ to y’ are path-homotopic. Thus, we have a bijection. H

This result (and its proof) are included more “for [our] culture” than anything else.

We are now in a position to talk about “winding numbers”...

5.7 The Fundamental Group of the Circle

In this section, we compute the fundamental group of the circle in a ‘roundabout’ or ‘longwinded’

way using the concept of winding numbers. (See what | did there?)

5.7.1 Winding Numbers

We begin by fixing some notation for the remainder of this subsection.

Local Notation. Throughout this subsection, denote

S={(xy)eR|xX*+y*=1}

H = {(cos(2nt), sin(27t), t) € R® | t € R}

J

We view the helix H as a covering space of S via the covering map that forgets the third coordinate.

We fix a basepoint ¢ = (1,0,0) € H.
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“It's the last week of class now" (can you believe it?) “so | may start saying ‘this is easy’ when

talking about things which maybe aren’t so easy."

Definition 5.7.1 (Winding Number of a Loop). To begin, it is easy to see that, via the
homotopy lifting theorem, that the map from 7, (S, p) defined such that [] — (the winding

number of o) is well-defined.

. 7

This can be seen by homotopy lifting (sure). It is then also easy to see that this map is a
homomorphism from 7(S, p) to (Z,+). Now “algebra is easy”, so presumably it won't be too
much trouble in this instance to go from a homomorphism to an isomorphism - we just have to

show that this map is injective and surjective.

It is easy to see that this map is surjective - in particular, it will suffice to find a path with
winding number n, and the obvious choice of a,(s) = (cos(2mns), sin(27ns)) with lift a/(s) =

(cos(2mns), sin(27ns), ns) works very fine.

To show that this homomorphism is also injective, we show that its kernel is trivial. Let [a] €
m1(S, p) be in the kernal. That is, assume its winding number is zero. Then, if & is a lift of
this loop, then /(1) = 0. <Moreover, &' is a loop in H. H is simply connected, so &' is path

homotopic to a trivial loop. We have a = m o/, so a is path homotopic to ma’'.

“We can now do something ‘fun’, for rather small values of ‘fun’"

- in particular, we consider two
copies of the circle S joined at a point (i.e. the wedge of two copies of S). Now that we have the
one (nontrivial) fundamental group of S, we can find another! Here we have the free group on

two generators!

Notice that wedges and amalgamated products are both pushouts. 7; preserves pushouts (under

the right conditions)! That's essentially the Seifert-van Kampen Theorem.

Recall that a space is simply connected if and only if it is path connected and its fundamental
group (at any basepoint) is trivial. Indeed, path-connectedness means that the choice of basepoint

does not matter.
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5.8 Group Actions

In this section, we explore what group actions have to do with algebraic topology. This is perhaps
the most sophisticated bit of algebra we will see in this course, and it's in the very last lecture.

While it isn't quite relevant for the final, it is relevant for the basic exam. Yippie!

Recall the definition of a group action.

Definition 5.8.1 (Group Action). Let G be a group and X be a set. An action of G on

X is a group homomorphism from G to the automorphism group of X.

We use the word automorphism here quite deliberately: we mean automorphisms in an appropriate

category. So if a group is acting on a set, then the automorphism group is the group of permu-
tations. If the group is acting on a vector space, the automorphism group is the group of linear

automorphisms.

Let G be a group acting on a set X. We know that the orbits of G partition X into equivalence

classes. That is, we have the following equivalence relation on X.

Lemma 5.8.2. The relation ~ defined on X, where we say x ~ y iff there is some g € G

such that g(x) =y, is an equivalence relation on X.

We call the equivalence classes of X under ~ the orbits of the action.

Notation. We will denote the set of orbits on X by X/G. For any x € X, we will denote
its orbit by G(x) or [x].

5.8.1 Groups Acting on Topological Spaces

The kind of group actions which are most relevant to us today concern the case where G is a
group acting on a topological space X. In this case, the appropriate choice of automorphism group
is the homeomorphism group, and we consider actions of the form p : G — Homeo(X) - where

Homeo(X) is the group of homeomorphisms X — X.

Now for a definition which may initially seem rather strange:
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Definition 5.8.3 (Properly Discontinuous Action). We say that p is “properly discontin-
uous’ to mean that for every x € X, there is an open U containing x such that we have

Unp(g)[U] =0 for all g # 1¢ (the identity of G).

We have an interesting fact about properly discontinuous group actions.

Lemma 5.8.4. If p is a properly discontinuous group action, then w : X — X/G DX
G(x) is a covering map, where we endow X /G with the quotient topology, then m is a

covering map and X is a covering space.

Proof. O

5.8.2 Groups Acting on Simply-Connected Spaces

We will be interested in an important special case of this.

Theorem 5.8.5. Let X be a simply-connected space and let G be a group. Let p: G —
Homeo(X) be an action of G on X. In this case,

1. p is properly discontinuous.

2. X / G Is path-connected.

3. X > X/G is a universal cover.

4. m(X/G) = G. [EPFLTopologie/

We will not prove these facts.

Proof sketch of 4th point. For each g € G and x € X, we have g(x) € X. Let «, be a path
from x to g(x), and we know such a path exists because X is simply-connected (and thus path-
connected). Indeed, the choice of path doesn't matter, because X is simply-connected, so any two
paths we choose will be homotopic to each other (and we really only care about homotopy classes

of paths).

Observe that 7 o+, is a loop based at m(x) = m(g(x)). Define ¢(g) := [r o yg] € w1 (X /G . [X]).
This is well-defined.
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e ¢ is a group homomorphism. Let g, h € G. fix a path v, from x to g(x) and a path , from

x to h(x). By literal “on-the-nose composition”, we can conclude that p(g) o <y is a path

from g(x) to g(h(x)). So vz * (p(g) ©ys) is a path from x to g(h(x)) = (gh)(x).

We can use this path to compute ¢(gh). Indeed,

¢(gh) = [m o (vg * (p(g) o ¥n))]

This looks moderately terrible, but it's not as bad as you might think, because 7 is the map
that takes any path upstairs to its equivalence class downstairs. So the above is just equal

to the equivalence class of [(m 0 «y,) * (7 0 9,)]. And this is just ¢(g)¢(h).
Indeed, the key point that makes this all work is that
7(8(1n(t))) = 7(va(2))
for all t € [0, 1].
e ¢ is surjective. We should be ok by path-lifting.

Any loop based at [x] = 7(x) € X/G lifts uniquely to a path from x to some y € X
satisfying m(y) = m(x). Choose g € G so that g(x) = y.

e T is injective. Here we would use the fact that p is properly discontinuous : To sketch some
remnants left on the board, we have v,(0) = 7,(1) with 7,(0) = x and ~,(1) = g - x,
and then the proper discontinuity of p would somehow imply the triviality of the kernel?

sorry(fill in details for exercise!)

Example 5.8.6 (The Fundamental Group of the Circle). Let X = R and let G = Z.
Consider the action of G on R by translation. Consider the map 7 : R — R/z, and view
it as being from the reals to S. (It is not hard to show that the natural topology on S is
indeed the quotient topology induced by 7 on R/z.) We can then apply the previous result

to conclude, immediately, that m;(S*) = Z.
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We have time for only one more thing, which won't even be on the basic exam.

5.8.3 Deck Transformations

In complete generality, we have the following.

Definition 5.8.7 (Deck Transformation). Let 7 : E — X be a covering map. A deck
transformation of 7 is an element 1 € Homeo(E) such that mw(e) = m((e)) for all

ec E.

The picture we want to have in mind is that 3 is a homeomorphism that permutes the fibres of .

Lemma 5.8.8. If X is simply connected and p : G — Homeo(X) is a properly discontin-
uous action, with m : X —» X / G being the associated universal cover, the group of deck

transformations on X is isomorphic to G (which is isomorphic to w1 (X /G)).

The point is that p itself sets up a deck transformation.



Appendices

In this chapter, we add a few appendices that are relevant to the main text.

nets, Tychnoff's separation properties (including T 3.5 and T 4), arguments involving connectedness
and connected components, proofs things connected, arguments using Zorn's lemma, things about

identifying/embedding within the unit interval, etc...

A A Categorical Perspective
Insights we should include:

1. The product objects are Cartesian products endowed with the product topology, not with the
box topology. This is because we want topologies to be small to have continuous functions
going into them, and the universal property of products involves functions going into products

(products being the universal limit cones of points).

2. The equaliser of the projection maps from X x X to X is the diagonal.

A.1 Product Spaces

B Professor Cummings’'s Top(ological) Tips
1. Follow your nose!
2. Proof by picture always works!

3. The surface of this blackboard is a super pleasant topological space - it is a closed subset
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10.

11.

12.

of R2!

Sometimes, pictures can be helpful; sometimes, they can be totally misleading. The more

sets there are, the worse the pictures become...

. You should always check what you want to do in your heart, but you should also check that

what you want to do in your heart works.

. Just figure it out.

Pictures can be seductively useful...

In a topological setting, you often don't really care too much about boundedness.

. You really want to read the fine print when I'm defining these metrics and topologies...

It's kind of an interesting situation when a compact set lives inside an open set.
What is a pointed space? It means you've got a space and a point.

We're going to do something that's fun - small values of fun!



Visit https://thefundamentaltheor3m.github.io/TopologyNotes/main.pdf for the latest
version of these notes. If you have any suggestions or corrections, please feel free to fork and make

a pull request to the associated GitHub repository.


https://thefundamentaltheor3m.github.io/TopologyNotes/main.pdf
https://github.com/thefundamentaltheor3m/TopologyNotes
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