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Viazovska famously showed that the densest arrangement in R® corresponds to spheres centred at
points on the Eg root lattice [3]. Below, we give an illustration of a projection of the Eg root system
onto its so-called Coxeter plane [2]. Nodes are vectors and edges connect nearest neighbours.

ot

This was long suspected, and in 2003, Henry Cohn and Noam Elkies
proposed a method that many believed would offer a means to a
proof. They showed that if a certain type of R” — R function is
constructed, then all sphere packings in R" are bounded above by a
certain quantity that depends on the function.

Unfortunately, constructing such functions is extremely difficult.
Viazovska's monumental breakthrough was to construct such a
function using the theory of modular forms.
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. Proving the modular form inequalities
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Gauss: A special case of a more general fact (PR #173)

We have a function Is : R® — R that is radial and Schwartz. Gauss showed that I = Is, given that
ls = Ig. This is a consequence of a more general fact that for all radial Schwartz functions f, f = f.

em perm_Is : fourierTransformCLE € (Is)

perm_Is : fourierTransformCLE € (Is)

fourierTransformCLE C L.
= (SchwartzMap.fourierTransformCLE C).symm I«
ext x
:= congrArg (fun f => f x)
(Real.fourierIntegrallnv_eq_fourierIntegral_comp_neg
(Is : EuclideanSpace R (Fin 8) » C))

simpa [SchwartzMap.fourierTransformCLE_symm_apply,
SchwartzMap. fourierTransformCLE_apply, Is,
schwartzMap_multidimensional_of_schwartzMap_real,

SchwartzMap.compCLM_apply] using h.symm

simpa [ContinuouslLinearEquiv.symm_apply_apply]

(congrArg ((SchwartzMap.fourierTransformCLE C).symm) perm_Is).symm

Initial Gauss commit 5
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Gauss: A special case of a more general fact (PR #173)

We have a function Is : R® — R that is radial and Schwartz. Gauss showed that I = Is, given that

ls = Ig. This is a consequence of a more general fact that for all radial Schwartz functions f, f = f.

a fourier_involution {V : Typex} [NormedAddCommGroup V] [InnerProductSpace R V1
[FiniteDinensional R V] [MeasurableSpace V] [BorelSpace V] {E
[NoxmedSpace € E] [CompleteSpace E] (f : 8(V, E)) :
fourierTransfornCLE C (fourierTransformCLE € f)

: Typex} [NormedAddCommGroup E]

fun x = f (x)
ext x; change ¥ (¥ f) x = f (-x)

simpa [Real.fourierIntegrallnv_eq_fourierIntegral neg, neg_neg]

congrArg (fun g :

V> E =g (-x))
(f.continuous. fourier_inversion f.integrable ((fourierTransfornCLE C) f).integrable)
2 radial_inversion {V : Typex} [NormedAddCommGroup V] [InnerProductSpace R V]
[FiniteDinensional R V] [MeasurableSpace V] [BorelSpace V] {E : Typex} [NormedAddCommGroup E]
[NormedSpace C E] [CompleteSpace E] (f : 8(V, E)) (hf : Function.Even f) :
fourierTransfornCLE C (fourierTransformCLE € f) =

ext x; simpa [hf x] using congrArg (fun g => g x) (fourier_involution (V:=V) (E:=E) f)

Llution and the

fourierTransformCLE € (Ie

fourierTransformCLE € Le

= (SchwartzMap.fourierTransfornCLE €).symm Ie

ext x

have h := congrArg (fun f => f x)
(Real.fourierIntegrallnv_eq_fourierIntegral_comp_neg

(I : EuclideanSpace R (Fin 8) 3 €))

simpa [SchwartzMap.fourierTransformCLE_symm_apply,
SchwartzMap. fourierTransformCLE_apply, Ie,
schwartzMap_multidimensional_of_schwartzMap_real,
SchwartzMap. compCLM_apply] using h.symm

simpa [ContinuousLinearEquiv.symn_apply_apply] .

(congrArg ((SchwartzMap. FourierTransformCLE C).symm) perm_
simpa [perm_Is1 using

Tadial_inversion Is (fun _ => by

simp [Is, schwartzMap_multidimensional_of_schwartzMap_real, compCLM_applyl)

Subsequent Gauss commit
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Gauss: A bit too trusting of humans? (PR #181)

,1 — C. z; should

We have functions Ji, . .. i i ls parametrised by zi, . ..
not appear anywhere in the definition of /5. And yet...

theorem Js'_smooth' : ContDiff R » RealIntegrals.Js' := by
have hJ : Reallntegrals.Js' = fun x : R => cexp (2 * m * I * x) * RealIntegrals.Ji' x := by
funext x
have hEqOn : EqOn (fun t : R => * YT
(fun t ¢ R => cexp (2 % m % I % x) * (I % ¢T' (z2' t) * cexp (m* I * x % (z1' t))))

(z:' t)|* cexp (%I % x % (z3' t)))

(ulcc (0 : R) 1) := by
intro t ht
have ht' : t € Icc (@ : R) 1 := by simpa [uIcc_of_le (by norm_num : (@ : R) = 1)] using ht
have hz32 : z3' t=z1' t+ (2 : Q) :
have h : z3' t - za' t = (2 : ) := by
simp [z:'_eq_of_mem ht', zs'_eq_of_mem ht', one_add_one_eq_twol
simpa [add_comm] using
(sub_eq_iff_eq_add' (a := z3' t) (b := z1' t) (c := (2 : €))).1 h
simp [hz32, mul_add, Complex.exp_add, mul_comm, mul_left_comm, mul_assoc]
simpa [RealIntegrals.Js', Reallntegrals.J:'l] using
(intervalIntegral.integral_congr (a := (@ : R)) (b := (1 : R)) hEqQOn).trans
(by
simp [mul_comm, mul_left_comm, mul_assoc])
have h_exp : ContDiff R @ (fun x : R => cexp (2 * mw % I % x)) := by
have hmul : ContDiff R o (fun x : R => (2 *x m* I : C) * (x : C)) :=
contDiff_const.mul (by simpa using (ofRealCLM.contDiff : ContDiff R w (fun x : R => (x : C))))
simpa [mul_comm, mul_left_comm, mul_assoc] using hmul.cexp
simpa [hJ] using (h_exp.mul Ji'_smooth')
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Aristotle: A bit of a sceptic (Issue #214 and PR #219)

Aristotle discovered a misformalisation. Gauss fixed it.

Misformalization in lemna Bound_integrableon (r Ca : R) (h£ i £ 5 =2)| (hCo_pos : Ca > @)
. . . . , (hCo : ¥t € Tci 1, llg r tll = Co * Texp (-2 % m * t) * rexp (-m % r x t)) :
SpherePacking/MagicFunction/a/IntegralEstimates/I6.lean #214 IntegrableOn (fun t w Co % rexp (-2 % m * t) % rexp (-m * r * t)) (Ici (1 : R)) volume := by
©open have hb_pos : @ < m * (r + 2) mul_pos Real.pi_pos (by linarith)
have h@ : IntegrableOn (fun t : R => rexp (—(m * (r + 2)) * t)) (Ioi (1 : R)) := by
simpa using exp_neg_integrabledn_Toi (a := (1 : R)) (b := m * (r + 2)) hb_pos

t R =>Co % rexp (~(m % (r +2)) % t)) (Ioi (1 : R)) := he.const_mul Ce

. kel have hl : IntegrableOn (fun t
Ao (EEFERGERATIR, bt have h_eq (t : R) :
Co % rexp (~(m  (r +2)) % t) =
COBY Co % rexp (=2 % T * t) % rexp (- * r * t) := by
contraposer have Wt : —(T % (£ +2)) % t = (<2 % W t) + (- % T * t) := by ring_nf
simp [ht, Real.exp_add, mul_comm, mul_left_comm]

refine’ (-2, _)
o, 'Noa_pos, hEs ) e La'_bounding.sux 2 ( -2 );
R => Co % Texp (-2 % T % t) * rexp (- * T * t))

e
S i e have h2 : IntegrableOn (fun t :
(Toi (1 : R)) volume := by

nora_num [ MessureTheory. integrabledn_const, hCe_pos.ne’ 1
refine hil.congr_fun ?_ measurableSet_Toi

This counterexample was found by @Aristotle-Harmonic intro t _
exact h_eq t
exact
(integrableOn_Tci_iff_integrableon_Toi
gauss-math-inc : Measure R))
DR =>Coxrexp (-2 k Tk t) % rexp (- % T % t))

1 R))).2

Creste sub-ssue

‘gauss-math-inc

Add proofs by Gauss n 16.1ean
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Aristotle: A bit of a sceptic (Issue #214 and PR #219)

Aristotle discovered a misformalisation. Gauss fixed it.

Misformalization in lemma Bound_integrableOn (r Ce : R) (A% & £ > =2)| (hCe_pos : Cs > @)
. . . " . - (hCe : ¥ t € Ici 1, llg r tll = Co % rexp (-2 * T *x t) * rexp (-m * r * t)) :
SpherePacking/MagicFunction/a/IntegralEstimates/I6.lean #2714

IntegrableOn (fun t » Ce * rexp (-2 * T * t) * rexp (-m * r * t)) (Ici (1
©o0pen have hb_pos : @ < m % (r + 2) := mul_pos Real.pi_pos (by linarith)
have h@ : IntegrableOn (fun t : R => rexp (—(m * (r + 2)) * t)) (Ioi (1 : R)) := by
simpa using exp_neg_integrabledn_Toi (a := (1 : R)) (b := m * (r + 2)) hb_pos
. kel have hl : IntegrableOn (fun t : R => Co % rexp (—(m % (r + 2)) % t)) (Ioi (1 : R))
have h_eq (t : R) :

Co % Texp (~(m * (r +2)) % ©) =
. Co % Texp (-2 % T % ) % Texp (- * T % t) i= by
Coatropoee have Rt @ ~(m % (£ +2)) xt= (-2 %Mk t) + (-M*kT*1t) :
e (‘c. o3, WCe ) 1= Le'_bounding_awx_2 ( =2 );

etine (&1, W08

: R)) volume := by

:= he.const_mul Co
After Bound_integrableon , put:

= by ring_nf
simp [ht, Real.exp_add, mul_comm, mul_left_comm]
T e ) have h2 : IntegrableOn (fun t :

R => Co % Texp (-2 % T % t) * rexp (- * T * t))
(Toi (1 : R)) volume := by

ra_num { MessureTheory. integrabledn_const, hCe._pos.ne’ )
refine hil.congr_fun ?_ measurableSet_Toi
This counterexample was found by @Aristotle-Harmonic intro t

exact h_eq t
-

exact
(integrableOn_Tci_iff_integrableon_Toi
=i (W = (volume : Measure R))
(f 2= fun t : R => Co % Texp (<2 % T % t)  rexp (- * T * t))
gauss-math-inc (b = (1 :R)).2
Add proofs by Gauss n 16.1ean h2

I took the missing assumption for granted because that r is meant to be the norm of a vector.
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Aristotle: A bit of a sceptic (Issue #214 and PR #219)

Aristotle discovered a misformalisation. Gauss fixed it.
Misformalization in lemma Bound_integrableOn (r Ce : R) (Ar & & > =2)| (hCe_pos : Ce > @)
(hCe : V t € Ici 1, llg r tll = Co % rexp (-2 % m % t) * rexp (- % r * t))

SpherePacking/MagicFunction/a/IntegralEstimates/I6.lean #2714 RO @ & o 6o & 5 (2 0 0o @) © 5 FEo 20 0) T @
©open have hb_pos : @ < m % (r + 2) := mul_pos Real.pi_pos (by linarith)
have h@ : IntegrableOn (fun t

$R=> rexp (—(mx (r+2)) % t) (Ioi (1:R)) := by
simpa using exp_neg_integrableon_Toi (a := (1 : R)) (b := m % (r + 2)) hb_pos
DR =>Co * rexp (~(n* (r+2)) *t)) (Ioi (1:R))

: R)) volume :

. kel have hl : IntegrableOn (fun t := h@.const_mul Ce

Ao (EEFERGERATIR, bt have h_eq (t : R) :

Co % rexp (~(m  (r +2)) % t) =
COBY Co % rexp (=2 % T * t) % rexp (- * r * t) := by

have ht : (M % (£ +2)) xt = (2 *xM*t) + (-MxT *1t)

simp [ht, Real.exp_add, mul_comm, mul_left_comm]
004 ) have h2 : IntegrableOn (fun t : R => Co * rexp (=2 % T * t) * rexp (-m * T * t))

(Ioi (1 : R)) volume := by
refine hl.congr_fun ?_ measurableSet_Ioi

:= by ring_nf

o bounding_aux 2 ( -2 );

This counterexample was found by @Aristotle-Harmonic intro t _
exact h_eq t
exact
(integrableOn_Tci_iff_integrableon_Toi
(W = (volume : Measure R))
(f 2= fun t : R => Co % Texp (<2 % T % t)  rexp (- * T * t))
gauss-math-inc (b = (1 :R)).2
h2

Creste sub-ssue

gauss-math-inc

Add proofs by Gauss n 16.1ean

I took the missing assumption for granted because that r is meant to be the norm of a vector. If a
human had worked on this proof, I'm sure they’'d have spotted it too.
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Aristotle: A bit of a sceptic (Issue #214 and PR #219)

Aristotle discovered a misformalisation. Gauss fixed it.

Misformalization in lemma Bound_integrableOn (r Co : R) (B & £ 5 =2)| (hCe_pos : Co > @)
X ) . ) (hCo : ¥t €Ici 1, llg T th = Co % Texp (-2 % T % t) % Texp (-m % T % ) :
SpherePacking/MagicFunction/a/IntegralEstimates/I6.lean #214 IntegrableOn (fun t w Co % rexp (-2 % T % t) % rexp (~m % r % £)) (Ici (1 : R)) volume := by
o= have hb_pos : @ < T % (r + 2) := mul_pos Real.pi_pos (by linarith)
have ho : Integrablen (fun t : R => rexp (=(m % (r +2))  t)) (Ioi (1 : R)) := by
simpa using exp_neg_integrabledn_Toi (a := (1 : R)) (b := 1 % (r + 2)) hb_pos
. kel have hl : IntegrableOn (fun t : R => Co % rexp (=(m % (r + 2)) % t)) (Ioi (1 : R)) := he.const_mul Cs
P — have h_eq (t : R) :
Co % Texp (=(m % (r + 2)) x t) =
EEEE Co % Texp (-2 % T t) % rexp (-1 % I % t) := by
crton i have ht : —(m % (£ +2)) * t = (-2 % W# t) + (-T % I % t) := by ringnf
5 1 e simp [ht, Real.exp_add, mul_comm, mul_left_comm]
e (o ey el n ve h2 : IntegrableOn (fun t : R => Co % Texp (-2 % T % t) % rexp (-m % T % t))
MeasureTheary . integrabledn_const, hCs_pos.ne’ (Toi (1 : R)) volume := by
refine hi.congr_fun ?_ measurableSet_Toi
intro t

This counterexampie was found by @Arlstotle- Harmonic

exact h_eq t
Creste sub-isue
exact
(integrableOn_Tci_iff_integrableon_Toi
(u := (volume : Measure R))

gauss-math-inc

R => Co % Texp (-2 % T % t) % rexp (-m %  x t))
1 R))).2

‘gauss-math-inc

Add proofs by Gauss n 16.1ean

I took the missing assumption for granted because that r is meant to be the norm of a vector. If a

human had worked on this proof, I'm sure they’'d have spotted it too. However, | seriously doubt
their fix would have been to assume r > —2...
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Cameron + Claude have also helped clean up a rather messy (but correct) Aristotle proof.
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The Challenge (Issue #80)

For n € N, define the sphere packing constant and the periodic sphere packing constant as follows:

Ay :=supq limsup TP 2 (0 )

s, Vol(Bg(0, R)) P is a sphere packing in R

density

APeriodic . sup{density(P) | P is a periodic sphere packing in R"}

We want to show that for all n € N, A, = AP Necessary for Cohn-Elkies [1, Theorem 31].

def SpherePackingConstant (d : N) : 20R@ := U S : SpherePacking d, S.density
def PeriodicSpherePackingConstant (d : N) : 20RO := U S : PeriodicSpherePacking d, S.density

theorem periodic_constant_eq_constant (hd : 0 < d) :
PeriodicSpherePackingConstant d = SpherePackingConstant d := sorry
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I looked at the proof in Cohn--Elkies Appendix A and was not satisfied that it relies on results in another paper [Gr] (19 pages in
German). | was able to work out a proof that doesn't rely on such notions as "uniformly dense packing

Given an arbitrary packing P of upper density A and an arbitrary ¢ > 0, we want to produce a periodic packing with density at
SnP|

least & — e. Given a set S (of nonzero volume), we shall call the quantity ~ [S[ the density of P in s, where | S| denotes the
volume of 5.

an’
Choose ¢>0suchthat o2 > 173 (where ris the radius of the balls in P and d is the dimension). Then chcose &, > 0

R ++de)* @6’ e
such that for all R > Ry, we have rd <3 . By definition of upper density, there exists R > Ry such that the

density of Pin B(0,R) is at least A~ ;

The Euclidean space is covered by disjoint hypercubes of side length ¢ of the form []"_ [m¢, (n; + 1)) with n, € Z. Since these
hypercubes have diameter /dé , those that intersect B(0, R) must be contained in B(0, R ++/d¢) . Thus the hypercubes
contained in B(O,R + ﬁi) «cover B(0, R). Similarly, the hypercubes not contained in B(0, R) cannot intersect B(0, R — ./Ea} .
Denote the union of hypercubes contained in B(0,R ++/@¢) by T and the union of those contained in B(0,R) by 5, we then have
SCB(O,R)C TCB(O,R++/dé) and r\.scy(u R++/d€)\ BO,R—+[d¢) .Thedensityof Pinsis
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atleast & = 3. If a ball in P (thus of diameter 2r) is not completely contained in ¢, it cannot intersect the hypercube ¢’ with the
same cenler as ¢ with side length £ — 4r, so excluding these balls from € n P decreases the density in C by at most
lc\C| —(¢—4' _¢

Tel T 3, and gives rise to a periodic packing of density > A —e with C as a fundamental domain.
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Proof courtesy Junyan Xu.
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Proof courtesy Junyan Xu.

We approximate every sphere
packing to arbitrary precision
using a periodic packing.

Pick a clever £ > 0 and
consider the scaled lattice £Z".

Pick a clever translate of the
fundamental domain of ¢Z".

Look at the spheres from the
packing contained in this
translate.

The union of those spheres
and all their ¢Z"-translates
across R" gives the desired
packing.
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fl=

I have filled in all the ‘sorry‘s in the provided file structure.

Since the declarations were already present in the environment (with ‘sorry‘s), I defined new
declarations with a “'‘ suffix (e.g., ‘exists_ell_volume_ratio_close_to_one'') and

provided the proofs for them.

I also corrected the statement of ‘ball_disjoint_inner_of_center_outside‘ which was false as
stated; the corrected version ‘ball_disjoint_inner_of_center_outside'‘ requires
‘o ball x v ¢ hypercube ¢ n' instead of ‘x ¢ innerHypercube £ t n‘.

The main result ‘periodic_constant_eq_constant'' is proved using the intermediate lemmas.
The construction of the periodic packing is done in ‘periodicPackingFromHypercube'‘, using

auxiliary definitions ‘periodicCenters‘ and ‘periodiclLattice’.
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- | continued to run Claude Opus 4.5 on the repository.

- Every few iterations, when the code was stable and compiling without errors or warnings, | sent
it off to Aristotle.

- Aristotle did not manage to make too much progress. It took a long time to prove easy goals
and often provided code that timed out or was otherwise poorly formatted.

- Claude, however, was less consistent: on some iterations, it progressed by leaps and bounds;
on other iterations, it merely rewrote informal proof sketches.

- On one occasion, Aristotle identified a misformalised intermediate lemma and proved it false
by providing a counterexample. Claude took a lot longer to realise its mistake, but once it did,
it fixed it by adding a missing hypothesis.

- Eventually, both models reached a bottleneck.
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- | then summoned Gemini 2.5 Pro, GPT 51-Codex-Max and GPT 5.2-Codex.

- They wrote a lot of code very quickly... but a lot of it was garbage.

- However, it was made progress towards the goal by making it more granular and by producing
‘cleanable’ garbage.

- Claude was able to clean it up quite considerably and made substantial progress on the
bottleneck lemma.

- This is still an active experiment. Let's see how much longer it takes!
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Vibe-Proving Takeaways

- Perhaps humans ought to provide the scaffolding.
- Having some understanding of the informal argument is necessary.
- Agent-user and agent-computer interaction is useful.

- Different models have different strengths. Using them together might be a good idea.
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So... can machines really pack spheres?

Al contributions have, by and large, been incredibly valuable to this project.
They're just sometimes a bit strange!

It's a new way of working, and the barriers—technical, communication, etc—take some getting used
to.

Can machines pack spheres on their own? Not in my experience/not the machines I'm using.

Can machines pack spheres with guidance? They're getting there...



How to get involed: a guide for humans and machines

Formalising Sphere Packing in Lean

by Chris Birkbeck, Sidharth Harihal Gareth Ma, Bhavik Mehta, Seewoo Lee, Maryna Viazovska

Blueprint (web) Blueprint (pdf) Documentation GitHub

Formalising Sphere Packing in Lean

In 2022, Maryna Viazovska was awarded the Fields Medal for solving the sphere packing problem in
dimension 8. This project formalises this result in the Lean Theorem Prover following her original
paper and followup calculations by Lee. It is an online, open-source collaboration currently being led
by Christopher Birkbeck, Sidharth Hariharan, Bhavik Mehta and Seewoo Lee. If you'd like to
contribute, you may find the following links useful!

* Zulip chat for coordination Ie

« Blueprint

« Blueprint as pdf SCAN TO VISIT
| pependeny e OUR WEBSITE!

Doc pages for this repository
Project dashboard
Viazovska's original paper
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In 2022, Maryna Viazovska was awarded the Fields Medal for solving the sphere packing problem in
dimension 8. This project formalises this result in the Lean Theorem Prover following her original
paper and followup calculations by Lee. It is an online, open-source collaboration currently being led
by Christopher Birkbeck, Sidharth Hariharan, Bhavik Mehta and Seewoo Lee. If you'd like to
contribute, you may find the following links useful!

Zulip chat for coordination
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Viazovska's original paper

Come to our packathons:
Tuesdays at 10:30 am Eastern
Time, IRL @ Hoskinson or on
Zoom at cmu.zoom.us/my/
sidharth.hariharan. For
updates and discussion, see
Zulip.
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