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Formalising Fields Medal-Winning
Mathematics



What does it mean to formalise mathematics?

Typically, formalising a mathematical result means expressing it as
computer code whose correctness is checked by a compiler. There are
many computer languages in which mathematics can be expressed,
such as Lean, Isabelle, and Agda. The main advantage is that we can
have immense confidence in the correctness of completely formalised
proofs. But there are a few more:
1. Standardisation and centralisation
2. Faster review processes for publications
3. Proof discovery

These applications are to mathematics research. There are more
applications still to industry (AI, crypto) and pedagogy.
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Why formalise 8-dimensional sphere packing?

When Tom Hales formally announced his intent to formalise 3-dimensional sphere packing, his
work was still under review. He wrote, “my motivations for this project are far more complex than a
simple hope of removing residual doubt from the minds of [a] few referees. Indeed, I see
formal methods as fundamental to the long-term growth of mathematics.” [3]

This project is undertaken in the spirit of those far more complex motivations. It aims to

1. solidify the credibility not only of this result but of those that build on it;
2. test the capabilities of Lean and mathlib against modern, groundbreaking mathematics; and
3. expand existing code and methodologies for tackling computational results in analysis.

Formalising such a recent Fields Medal-winning result would be a monumental breakthrough for
the formal theorem proving community.
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Who’s working on this project, and how’s it going?

https://thefundamentaltheor3m.github.io/
Sphere-Packing-Lean

1. March 2024: Viazovska and I kickstart
project in Lausanne.

2. July-September 2024:
• Ma and I formalise basic theory.
• I formalise much of an important
dependency courtesy Cohn-Elkies [1,
Theorem 3.1].

• Birkbeck and Lee begin formalising facts
about modular forms.

3. October 2024-June 2025:
• I work on formalising Viazovska’s magic
function for my Master’s project at
Imperial under Bhavik Mehta.

• Birkbeck and Lee continue formalising
results on (quasi)modular forms.

4. 13 June, 2025: Viazovska unveils project
to public at Big Proof 2025, Cambridge.
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Viazovska’s Magical Construction



The problem, the solution, and the way to get there

The sphere packing problem asks the following question:

What is the densest arrangement in Rn of non-overlapping n-spheres of the same radius?

Viazovska famously showed that the densest arrangement in R8 corresponds to spheres centred at
points on the E8 root lattice [4]. Below, we give an illustration of a projection of the E8 root system
onto its so-called Coxeter plane [2]. Nodes are vectors and edges connect nearest neighbours.

This was long suspected, and in 2003, Henry Cohn and Noam Elkies
proposed a method that many believed would offer a means to a
proof. They showed that if a certain type of Rn → R function is
constructed, then all sphere packings in Rn are bounded above by a
certain quantity that depends on the function.

Unfortunately, constructing such functions is extremely difficult.
Viazovska’s monumental breakthrough was to construct such a
function using the theory of modular forms.
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From geometry to analysis: Cohn and Elkies’s upper bounds for sphere packing

In 2003, Cohn and Elkies proved [1, Theorem 3.1]
that if f : Rd → R is a Schwartz function and
1. f is not identically zero;
2. for all x ∈ Rd, if ∥x∥ ≥ 1 then f(x) ≤ 0; and
3. for all x ∈ Rd, f̂(x) ≥ 0,

then the densities of all sphere packings in Rn

are bounded above by

f(0)
f̂(0)

· Vol
(
Bd

(
0, 12

))
If f satisfies the above and its upper-bound is
optimal, we say f is magic in Rd. Thus far, magic
functions have only been found in dimensions
8 and 24. It is believed that they also exist in
dimension 2, but nowhere else.
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Viazovska’s Fourier eigenfunctions

Viazovska constructed a radial Schwartz function g as a linear combination of a Fourier
+1-eigenfunction a and a −1-eigenfunction b. She then simply scaled it to obtain a magic function f
whose corresponding bound was the density of the E8 packing. a, b, g and f are defined as follows.

a(x) :=
∫ i

−1
ϕ0

(
−1
z+ 1

)
(z+ 1)2 eπi∥x∥

2z dz+
∫ i

1
ϕ0

(
−1
z− 1

)
(z− 1)2 eπi∥x∥

2z dz

− 2
∫ i

0
ϕ0

(
−1
z

)
z2 eπi∥x∥

2z dz+ 2
∫ i∞

i
ϕ0(z) eπi∥x∥

2z dz

b(x) :=
∫ i

−1
ψS

(
−1
z+ 1

)
(z+ 1)2 eπi∥x∥

2z dz+
∫ i

1
ψS

(
−1
z− 1

)
(z− 1)2 eπi∥x∥

2z dz

− 2
∫ i

0
ψS

(
−1
z

)
z2 eπi∥x∥

2z dz− 2
∫ i∞

i
ψS(z) eπi∥x∥

2z dz

g(x) := πi
8640a(x) +

i
240πb(x) f(x) := g

(√
2x
)

Re

Im

•
i

•
−1

•−1+ i

•
1

• 1+ i
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ϕ0 and ψS: the role of modular forms

Modular forms are holomorphic functions from the upper half-plane H to C that satisfy (weighted)
invariance properties under Möbius integer changes of variables. For example, a “weight 4, level 1”
modular form α : H → C would satisfy

α(z) = (cz+ d)−4 α

(
az+ b
cz+ d

)
for all z ∈ H and

[
a b
c d

]
∈ SL(2,Z)

The definitions of the integrands making up a and b in terms of modular forms endow them with
important change-of-variable symmetries. For instance,

ψS

(
−1
z− 1

)
(z− 1)2 = ψS

(
−1
z+ 1

)
(z+ 1)2

for all z ∈ H. Denote this by ψT(z). We further have that

ψT(z) = z2 ψT
(
−1
z

)
This is crucial to establish that b̂ = −b.
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invariance properties under Möbius integer changes of variables. For example, a “weight 4, level 1”
modular form α : H → C would satisfy

α(z) = (cz+ d)−4 α

(
az+ b
cz+ d

)
for all z ∈ H and
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The definitions of the integrands making up a and b in terms of modular forms endow them with
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Contour Integration, Informally and
Formally
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The Fourier Eigenfunction Property
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Questions?
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