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This was long suspected, and in 2003, Henry Cohn and Noam Elkies
proposed a method that many believed would offer a means to a
proof. They showed that if a certain type of R” — R function is
constructed, then all sphere packings in R" are bounded above by a f
certain quantity that depends on the function.

Unfortunately, constructing such functions is extremely difficult.
Viazovska’'s breakthrough was to construct such a function using the
theory of modular forms.
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Fourth attempt (30 July, 2024):

structure SpherePacking (d : N) where

centers : Set (EuclideanSpace R (Fin d))

radius : R
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centers_dist : Pairwise (radius < dist - - : centers — centers — Prop)
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_action : V {Ix y[}, x € — y € centers — x + y € centers
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- The theory of the Eg lattice and the - Systematically bounding the integrands of a
associated sphere packing - Proving slash action relations for ¥y, s, 17
* Progress on Cohn-Elkies [2, Theorem 31] - Cauchy-Goursat for unbounded rectangles
Modular Forms (CB, SL) Quasimodular Forms and Inequalities (SL)
- Fixing the definition of £, - Serre derivatives: definitions and API,
- g-expansions of the Eisenstein Series equivariance and invariance
- H-functions (4th powers of Jacobi - Serre derivatives of E;, Es, Ee
©-functions) as modular forms - Defining F and G, restriction to the
- Definition/API for A, relation to n imaginary axis, positivity of restrictions

- Dimension formula for level one - Modular linear differential equations 5
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Metaprogramming

A norm_num extension for C

- Developed mainly by Edison Xie with inputs
from Heather Macbeth, Bhavik Mehta, SH

- Initially a conv-tactic, norm_numI

- Simplifies expressions in C by splitting to
real and imaginary parts, running norm_num
on each part, and recombining them

Proving Tendsto given atomic limits

- Developed mainly by Cameron Freer with
inputs from Seewoo Lee and Bhavik Mehta

- Proves Tendsto (fun z => expr(f, z, ...,
f, z)) 1 (nhds c¢) where
Tendsto f; 1 (nhds a;) are known and the
expression is continuous

example : (1 + 3.5 +1I) % (1 +1I)=7/2+
11 / 2 ¥ I := by norm_numl

example : 3+ 4 %xI)7" x (3 +4 x1)=1:=
by norm_numl

example : 1 + I # 0 := by norm_numl

example : 1 + I # 1 + 2 % I := by norm_numl

example : im ((1 + 3 % I)7") = -0.3 := by
norm_numl

example : 10 * te ((1 + 3 x I)7") =1 := by
norm_numl

example : (conj (3 +4 % I) :C) % (3 +4 %

I) = 25 := by norm_numl

-- Two atoms, polynomial

example (h; : Tendsto f atTop (nhds 0)) (h, :
Tendsto g atTop (nhds 1)) :
Tendsto (funz=>f z*2A2+fzxgz+g
z A 2) atTop (nhds 1) := by tendsto_cont

-- Unused hypotheses don't interfere

example (h; : Tendsto f atTop (nhds 0)) (h, :
Tendsto g atTop (nhds 1))
(unrelated : Tendsto f atBot (nhds 5)) :
Tendsto (fun z => f z ¥ g z) atTop (nhds
0) := by tendsto_cont
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@ Conversation 18 -0 Commits 18 Checks 0 Files changed 287 +52,187

Reviewers

N
é. augustepoiroux commented last month - edited ~ Collaborator
g B

., dwrensha

Summary [
€9 seewoos

This PR completes the Lean formalization of the theorem that the optimal sphere packing in Re is the Es lattice

packing.

The branch contains the final theorem together with all remaining dependencies, and is checked by the Lean kernel [

(sorry-free).

@ thefundamentaltheoram

@ pitmonticone

Context @b viazovska DD e
At least 1 approving review is required to merge
The code in this branch was generated by Gauss (Math Inc's autoformalization agent) starting from the existing Sphere this pull request.
Packing blueprint and Lean codebase, and then packaged into this PR for review.
Assignees

Notable changes No one—assign yourself
Completes the remaining formalization steps needed for Es optimality in R® 12

Project-wide cleanup / proof golf (including existing files)

Fixes a sign inconsistency in Prop. 7 ( b(t) ), with the downstream definition of g in Thm. 4 updated accordingly

None yet

Migrates to the new module system
Projects

Bumps Lean to v4.28.0
None yet

Review notes
Milestone
We made a best effort to avoid overwriting parts of the codebase that changed independently on main . As such, pclnllezbne
some results may be duplicated.

The following blueprintinkee- ’ : P— &

1oene - dim-gen—eeng=levels TD_gexpt —D_twe—Hs" -> they have Successfully merging this pull request may close
been added back in 38876hc #diff-ebf1c68f284079a6364607bb7113a4b517ffb358424f4202a128¢225340f2! these issues.

None yet
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Is the project finished?

It's worth drawing the following distinction.

Formal Verification

Formal verification is the checking of a formal proof by a trusted verifier.
When a proof is formally verified, we can be (fairly) confident it is correct.
Formalisation

To me, formalisation’ means strictly more: it involves organising it into an extensible, reusable
artefact that communicates insight.

The best example is Mathlib: things are highly canonicalised, with new improvements every day.
What does the sphere packing project truly seek to do?
We're much more interested in formalisation than formal verification.

Is it finished?

NO!
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thefundamentaltheor3m:main

T'
T'
o
@
\\-~"“--.\\ thefundamentaltheor3m:gauss2
| 1T
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b-mehta re on Feb 23

> SpherePacking/ForMathlib/Intervals.lean Outdated

SpherePacking/CohnElkies/LPBound.lean (Outdated

dwrensha reviewed on F

SpherePacking/CohnElkies/LPBound. lean

> SpherePacking/CohnElkies/PoissonSummationLattices/UnitAddTorus.lean

augustepoiroux and othei

€

ack_corollary

Outdated

View reviewed changes

View reviewed changes

View reviewed changes

View reviewed changes
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David Renshaw’'s TryAtEachStep

improvements found by tryAtEachStep #1
- Merged
[ Spr—

Some golfsfound by

« qwrensha

augustepoiroux
Amazing! Realy powerful tol I reallylike it Wl done

o y, how lon ke to run?
1wil merge these changes tomorrow and push them to the PR

dwrensha
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Math, Inc’s AutoGolf

augustepoiroux and others added 7 commits 5 months ago

Merge pull request #5 from dwrensha/tryAtEachStep-more

# Add improvements found by autoGolf + a few other golfs

; Merge pull request #6 from math-inc/autoGolf-1 -

e autoGolf + Gauss pass
4 More golfing

e Revert a few bad changes

o Few more golfs

%? Merge pull request #7 from math-inc/autoGolf-2

Verified

Verified

Verified

8clab42

5cbf8c4
@52fcch
e42c4ab
199c43b
958cb514

85af201

2604233
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The Many Claudes of Christopher Birkbe

feat + cleanup: Gauss Es optimality with -28,255 lines (-51.7%), mathlib bump, project-
wide /cleanup pass #399
Forasd

Overview

(@) The pull requests

@ mathiib-quality

(b) The mathlib-quality repository
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Targeted Claudeing

[gauss] Cleaning Up Cohn-Elkies and Poisson Summation #420 © Ready to merge
11 Open undamentaitheorsm I
O Conversation 2 < Commits 44 [ Checks 1 [ Files changed 16

Blueprint/sre/subsections comn-elkies. tex

T a———
Sphorepacking/Coliies/Lpgound. lean
conn-elkisstex
& SpherePacking Sphoreacking/Comeliies/PotssonsumationGenersl. lean
& Cohnlkies
LPBound.lean SphorePacking/Forkathiib/Coordcube.Lean (0

PoissonSummationGeneral..

= ForMathiib SphorePacking/Forkathib/Coordcube.d

CoordCubelean
SphorePacking/Forksthlib/OualLattice. loan
CoordCube.md
DualLattice Jean
Sphoropacking/Forksthlib/Ousltattice.nd (5
DualLattice.md
FourierComp.lesn Sphorepacking/ForkathLib/Fourlerconp. lean
FourierComp.md

P e——

UnitAddTorusQuatient md
Sphoreacking/Forkathlib/SchwartzLaticeSumsble.nd
MainTheorem.lean
UpperBound.ean
o Sohoropacking/Forkathi ib/und thddTorusduotdent. lean. (
SpherePacking.lean
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Is it really working?

At some point, the effectiveness of Al-powered cleanup begins to plateau.

The diff is currently better:

But lines of code isn't everything. The code quality still needs improvement.

In the meantime, progress on main has become uncomfortably slow: 45 PRs merged between 23
February 2026 and today as opposed to 150 merged between 1 September 2025 and 31 January 2026.
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The Virtues of Formalisation

In “Mathematics and the Formal Turn” [1], Avigad effectively presents 18 positives of the advent of
formal methods.

The first four were both my greatest motivators: verifying theorems, correcting mistakes (in my
understanding), gaining insight, and building libraries.

The fifth (searching for definitions and tools) and fourteenth (improving access) greatly benefitted
me in my journey.

The eighth (engineering concepts), ninth (communicating), and tenth (collaborating) have been key
outcomes.
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What does this mean for formalisation and our project?

The virtues tell us that formalisation is a human endeavour.
A good formalisation needs human architects.
We need to continue to be architects of sphere packing.

Maybe we need to go back to main and continue doing things by hand.
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