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Formal Verification

Interactive theorem provers like Lean, Rocq, Isabelle, Agda, Metamath etc have a long history of
being used to check the correctness of mathematical arguments.

Proofs are represented as code, which (at least in Lean) is checked by a small, trusted kernel.
Formalisation

To me, formalising mathematics’ means strictly more than formally verifying mathematics” it
involves organising it into an extensible, reusable artefact that communicates insight.

The best example is Mathlib, an extensive community-driven library of mathematics formalised in
Lean. But there are many more examples, most of which treat Mathlib as a dependency.

Why?
In undergrad, | had a very interesting professor who wears even more interesting trousers.

He once told me,

“Formalising mathematics is a great way to learn it”
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|
28 February 2024 @ First commit: SH and MV launch project
Late July 2024 @ Stable definition of a sphere packing
December 2024 T Many key steps understood (non-formally)
April 2025 @  Many things stated, some proven. First dabble in metaprogramming.
13 June 2025 @  Project opened to public contributions
December 2025 @ Sﬁeady community engagement, significant progress, interest from Al compa-
| nies
February 2026 @  Project milestone: formal verification
|
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1. Sphere packing theory: SH, GM, BM

2. Fourier analysis and lattices: SH, BM

3. Modular form theory: CB, SL

4. Construction of the magic function: SH, SL, BM
5

. Quasimodular forms and modular form inequalities: SL
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The magic function g : R® — R is a very special function that is crucial to Viazovska's argument. g is
defined as a linear combination of two functions a and b, which are defined in terms of
quasimodular forms.

at) ::/ %( +1> (z+1 e”i"x"zzdz+// ¢>o(%11) (z—1)2 ™2 g
—2/¢o(l> z ’”“X”Zdz-i-z/ do(z) e™ I g
O Z
/l1 ws(%) (2 + 1) e d”/ ws(%) (z— 1) eI gz
= [ -1 72 o™ lIx1%z 7i||x||%z
2/O 1/)5( B ) dz — / ¥s(z) e dz

ull i
g(x) .f%a(x) + mb(x)
a and b have three very special properties: they are radial and Schwartz, they are (respectively)
Fourier =1-eigenfunctions, and they have double zeroes at Eg lattice points.
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Defining the Magic Function

The magic function g : R® — R is a very special function that is crucial to Viazovska's argument. g is
defined as a linear combination of two functions a and b, which are defined in terms of
quasimodular forms.

at) ::/ %( +1> (z+1 e”i"x"zzdz+// ¢>o(%11) (z—1)2 ™2 g
—2/¢o(l> z ’”“X”Zdz-i-z/ do(z) e™ I g
O Z
/l1 ws(%) (2 + 1) e d”/ ws(%) (z— 1) eI gz
= [ -1 72 o™ lIx1%z 7i||x||%z
2/O 1/)5( B ) dz — / ¥s(z) e dz

i i
g(x) .f%a(x) + mb(x)

a and b have three very special properties: they are radial and Schwartz, they are (respectively)
Fourier -1-eigenfunctions, and they have double zeroes at Eg lattice points. This endows g with
unique, ‘magic’ properties. 7
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theorem Complex al_boundary_rect_eq_zero_of_differentiable_on_off_countable

:C+E)(zw:C)(s:
(hs Cc le) (Hc : ContinuousOn f (Set.ulc e ( Set.ulcc z.im w.im})}
(Hd

o (min z.re w.te) (max z.Te w.re)

t.Ioo (min z.im w.im) (max z.im w.im)
Cfx

f (tx + 1z.im % I)) - J (x : R) in z.Te..w.re, f (X + tw.im % I)) + I «
woim, £ (tw.re + ty x 1)) - I « [ (y ) in z.im..w.im, f (tz.re + ¢y * I)

Cauchy-Goursat theorem for a rectangle: the integral of a complex differentiable function over the boundary of a rectangle equals
zero. More precisely, if f is continuous on a closed rectangle and is complex differentiable at all but countably many points of the
corresponding open rectangle, then its integral over the boundary of the rectangle equals zero.




Defining the Magic Function in Lean



Defining the Magic Function in Lean

’defq':(C—)(C::fuhZ»—)gao"(—1/(Z+1))*(Z+1)"2*Cexp(‘n’*I*T*(Z:(C)) ‘

def ¢' : C — C :=funz — @o'" (z) * cexp (m * I * 17 % (z : C)) ‘




Defining the Magic Function in Lean
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‘defﬁ' :C = C:=funz — @o'' (z) xcexp (m * I x 7 % (z : C)) ‘

[def 1 i R = C :

fun t = I %' 1 (2" t) ‘

‘defG:RaC

fun t — I % ¢' 1 (26" t) ‘
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’defq':(C—)(C::fUhZ»—)gao"(—1/(Z+1))*(Z+1)"2*Cexp(ﬂ*I*T*(Z:(C)) ‘

‘defﬁ' :C — C:=funz = ¢o'" (z) *cexp (m * I 1 % (z : C)) ‘

’defqu—)C fun t — I %' 1 (7' 1) ‘ Im

def ¢ : R - C :=funt — I %¢"' 1 (26' t)

def It1' : R - C := fun x — [ tin (0 : R)..1, ; x t

def Ig' : R — C :=fun x — 2 % [ tin Ici (1 : R), ¢ x t

14 - 1+
|
def Iy : V — C := fun x — I;" (||x|| » 2)
def Ig : V — C := fun x — Ig' (x| » 2) ’ : Re

def a' : R - C := fun x — I;' x + I," x + I3' x + I,' x + ‘ 9

T ' v ., T '
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Sphere Packing Theory (SH, GM, BM) Construction of the Magic Function (SH, BM)
- Definitions of sphere packings, periodic - Definitions and API for a, b, g, their
packings, density, sphere packing constant, integrands and parametrisations
periodic sphere packing constant - Proving PolyFourierCoeffBound, a tool to
- Density formula for periodic packings analyse asymptotic behaviour
- The theory of the Eg lattice and the - Systematically bounding the integrands of a
associated sphere packing - Proving slash action relations for ¥y, s, 17
* Progress on Cohn-Elkies [2, Theorem 31] - Cauchy-Goursat for unbounded rectangles
Modular Forms (CB, SL) Quasimodular Forms and Inequalities (SL)
- Fixing the definition of £, - Serre derivatives: definitions and API,
- g-expansions of the Eisenstein Series equivariance and invariance
- H-functions (4th powers of Jacobi - Serre derivatives of E;, Es, Ee
©-functions) as modular forms - Defining F and G, restriction to the
- Definition/API for A, relation to n imaginary axis, positivity of restrictions

- Dimension formula for level one - Modular linear differential equations 10
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- Initially a conv-tactic, norm_numI
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Metaprogramming

A norm_num extension for C
- Developed mainly by Edison Xie with inputs
from Heather Macbeth, Bhavik Mehta, SH
- Initially a conv-tactic, norm_numI
- Simplifies expressions in C by splitting to
real and imaginary parts, running norm_num
on each part, and recombining them

Proving Tendsto given atomic limits

- Developed mainly by Cameron Freer with
inputs from Seewoo Lee and Bhavik Mehta

- Proves Tendsto (fun z => expr(f, z, ...,
f, z)) 1 (nhds c¢) where
Tendsto f; 1 (nhds a;) are known and the
expression is continuous

example : (1 + 3.5 +1I) % (1 +1I)=7/2+
11 / 2 ¥ I := by norm_numl

example : 3+ 4 %xI)7" x (3 +4 x1)=1:=
by norm_numl

example : 1 + I # 0 := by norm_numl

example : 1 + I # 1 + 2 % I := by norm_numl

example : im ((1 + 3 % I)7") = -0.3 := by
norm_numl

example : 10 * te ((1 + 3 x I)7") =1 := by
norm_numl

example : (conj (3 +4 % I) :C) % (3 +4 %

I) = 25 := by norm_numl

-- Two atoms, polynomial

example (h; : Tendsto f atTop (nhds 0)) (h, :
Tendsto g atTop (nhds 1)) :
Tendsto (funz=>f z*2A2+fzxgz+g
z A 2) atTop (nhds 1) := by tendsto_cont

-- Unused hypotheses don't interfere

example (h; : Tendsto f atTop (nhds 0)) (h, :
Tendsto g atTop (nhds 1))
(unrelated : Tendsto f atBot (nhds 5)) :
Tendsto (fun z => f z ¥ g z) atTop (nhds
0) := by tendsto_cont
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@ Conversation 18 -0 Commits 18 Checks 0 Files changed 287 +52,187

Reviewers

N
é. augustepoiroux commented last month - edited ~ Collaborator
g B

., dwrensha

Summary [
€9 seewoos

This PR completes the Lean formalization of the theorem that the optimal sphere packing in Re is the Es lattice

packing.

The branch contains the final theorem together with all remaining dependencies, and is checked by the Lean kernel [

(sorry-free).

@ thefundamentaltheoram

@ pitmonticone

Context @b viazovska DD e
At least 1 approving review is required to merge
The code in this branch was generated by Gauss (Math Inc's autoformalization agent) starting from the existing Sphere this pull request.
Packing blueprint and Lean codebase, and then packaged into this PR for review.
Assignees

Notable changes No one—assign yourself
Completes the remaining formalization steps needed for Es optimality in R® 12

Project-wide cleanup / proof golf (including existing files)

Fixes a sign inconsistency in Prop. 7 ( b(t) ), with the downstream definition of g in Thm. 4 updated accordingly

None yet

Migrates to the new module system
Projects

Bumps Lean to v4.28.0
None yet

Review notes
Milestone
We made a best effort to avoid overwriting parts of the codebase that changed independently on main . As such, pclnllezbne
some results may be duplicated.

The following blueprintinkee- ’ : P— &

1oene - dim-gen—eeng=levels TD_gexpt —D_twe—Hs" -> they have Successfully merging this pull request may close
been added back in 38876hc #diff-ebf1c68f284079a6364607bb7113a4b517ffb358424f4202a128¢225340f2! these issues.

None yet
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NO!
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The Virtues of Formalisation

In “Mathematics and the Formal Turn” [1], Avigad effectively presents 18 positives of the advent of
formal methods.

The first four were both my greatest motivators: verifying theorems, correcting mistakes (in my
understanding), gaining insight, and building libraries.

The fifth (searching for definitions and tools) and fourteenth (improving access) greatly benefitted
me in my journey.

The eighth (engineering concepts), ninth (communicating), and tenth (collaborating) have been key
outcomes.

The sixteenth (using automated reasoning) and seventeenth (using artificial intelligence) have
both been greatly impactful to this project, and will remain a big part of its future.
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Towards a Formalisation

There are two approaches: manual formalisation and cleaning up the Gauss code.

For several months now, we've been trying hard to combine the two approaches/make them meet
in the middle.

But it turns out that cleaning up large volumes of LLM-generated code carries great costs in time
and resources.

Moreover, its effectiveness plateaus after a point.
There is a lot more riding on the manual approach than we anticipated.

We're just going to have to roll up our sleeves and get it done.
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