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The Mathematics of 8-Dimensional
Sphere Packing



The sphere packing problem

• cannonballs in a ship
• atoms in a condensed body
• messages in a noisy channel

The sphere packing problem asks for a densest
configuration of non-overlapping equally sized
balls in the d-dimensional Euclidean space.

The maximal possible density of such a con-
figuration in d-dimensional space is called the
sphere packing constant and is denoted by∆d.
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What is known about ∆d?

∆1 = 1 ∆2 =
π√
12 ≈ 0.9069 ∆3 =

π√
18 ≈ 0.7405

3



What is known about ∆d

log∆d

d
1 4 8 12 16 20 24 28 32 36

-5

-10 Cohn-Elkies upper bound
The best known density
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Dimension 8

E8-lattice Λ8 ⊂ R8 is given by

Λ8 = {(xi) ∈ Z8 ∪ (Z+ 1
2 )
8|

∑8
i=1 xi ≡ 0 (mod 2)}.

Λ8 is the unique even, unimodular lattice of rank 8.
The minimal distance between two points in Λ8 is

√
2.

The E8-lattice sphere packing is the packing of unit balls with centers at
√
2Λ8.

Theorem (V. 2016)
No packing of unit balls in Euclidean space R8 has density greater than that of the E8-lattice
packing. Therefore ∆8 =

π4

384 ≈ 0.25367.
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Dimension 24

The Leech lattice Λ24 is an even, unimodular lattice of rank 24.

The minimal distance between
two points in Λ24 is 2.

The Λ24-lattice sphere packing is the packing of unit balls with centers at Λ24.

Theorem (Cohn, Kumar, Miller, Radchenko, V. 2016)
No packing of unit balls in Euclidean space R24 has density greater than that of the Λ24-lattice
packing. Therefore ∆24 =

π12

12! ≈ 0.00193.
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Linear programming bounds

Theorem (Cohn, Elkies 2003, independently Gorbatchev 2000‘s)
Suppose that r0 > 0 and f : Rd → R is a Schwartz function such that:

f(x) ≤ 0 for ∥x∥ ≥ r0

f̂(x) ≥ 0 for all x ∈ Rd

f(0) = f̂(0) = 1.

Then
∆d ≤ Vol(Bd(0, r0/2)).
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Proof

Let X ⊂ Rd and ∥x− y∥ ≥ r0 for any distinct x, y ∈ X

Suppose that X is L-periodic.

♯(X/L) · f(0) ≥

≥
∑
x∈X

∑
y∈X/L

f(x− y) =
∑
x∈X/L

∑
y∈X/L

∑
ℓ∈L

f(x− y+ ℓ)

use Poisson summation formula

=
∑
x∈X/L

∑
y∈X/L

1
vol(Rd/L)

∑
m∈L∗

f̂(m) e2πim(x−y)

=
1

vol(Rd/L)
∑
m∈L∗

f̂(m) ·
∣∣ ∑
x∈X/L

e2πimx
∣∣2 ≥

≥ ♯(X/L)2

vol(Rd/L) · f̂(0).
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Cohn-Elkies-Gorbatchev linear programming bounds

Theorem (Cohn, Elkies 2003)
∆8 ≤ 1.00016∆E8 ,

∆24 ≤ 1.019∆Λ24 .
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Solution of the Cohn-Elkies linear programming problem

Theorem (V 2016)
There exists a radial Schwartz function fE8 : R8 → R which satisfies:

fE8(x) ≤ 0 for ∥x∥ ≥
√
2

f̂E8(x) ≥ 0 for all x ∈ R8

fE8(0) = f̂E8(0) = 1.
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Solution of the Cohn-Elkies linear programming problem

Theorem (Cohn, Kumar, Miller, Radchenko, V 2016)
There exists a radial Schwartz function fΛ24 : R24 → R which satisfies:

fΛ24(x) ≤ 0 for ∥x∥ ≥ 2

f̂Λ24(x) ≥ 0 for all x ∈ R24
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Plot of the functions fE8 and f̂E8
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Remarks

Remark 1
Without loss of generality we may assume that fE8 is radial.

Remark 2
By the Poisson summation formula we have

fE8(0) ≥
∑
ℓ∈Λ8

fE8(ℓ) =
∑
ℓ∈Λ8

f̂E8(ℓ) ≥ f̂E8(0).

This can happen only if fE8(
√
2n) = f̂E8(

√
2n) = 0 for all n ∈ Z>0.

Remark 3
We have constructed the function fE8 in the form

fE8(r) = sin(πr2/2)2
∫ ∞

0
φ(it) e−πr2tdt

where φ is a holomorphic function in the upper half-plane.
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Hidden symmetry

Let H be the upper half-plane {z ∈ C| Im(z) > 0}. Consider the modular group Γ1 := PSL2(Z).
The group Γ1 acts on H by linear fractional transformations(

a b
c d

)
z := az+ b

cz+ d .

14



Modular forms

A (holomorphic) modular form of weight k and a finite index subgroup Γ ⊆ Γ1 is a holomorphic
function f : H → C such that:

1. f
( az+b
cz+d

)
= (cz+ d)k f(z) for all

(
a b
c d

)
∈ Γ

2. for each
(
a b
c d

)
∈ Γ1 (cz+ d)−k f

( az+b
cz+d

)
has the Fourier expansion

(cz+ d)−k f
( az+b
cz+d

)
=

∑∞
n=0 cα(n) e

2πi nh z for some h ∈ N.

Let Mk(Γ) be the space of modular forms of weight k and a subgroup Γ. Spaces Mk(Γ) are finite
dimensional.
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Modular forms

A weakly-holomorphic modular form of weight k and a finite index subgroup Γ ⊆ Γ1 is a
holomorphic function f : H → C such that:

1. f
( az+b
cz+d

)
= (cz+ d)k f(z) for all

(
a b
c d

)
∈ Γ

2. for each
(
a b
c d

)
∈ Γ1 (cz+ d)−k f

( az+b
cz+d

)
has the Fourier expansion

(cz+ d)−k f
( az+b
cz+d

)
=

∑∞
n≫−∞ cα(n) e2πi

n
h z for some h ∈ N.

We denote the space of weakly-holomorphic modular forms of weight k and group Γ by M!
k(Γ).

The spaces M!
k(Γ) are infinite dimensional.
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Example 1. Eisenstein series

For an even integer k ≥ 4 we define weight k Eisenstein series as

Ek(z) :=
1

2ζ(k)
∑

(c,d)∈Z2\(0,0)

(cτ + d)−k. (1)

Since the sum converges absolutely, it is easy to see that Ek ∈ Mk(Γ1). Eisenstein series
possesses the Fourier expansion

Ek(z) = 1+ 2
ζ(1− k)

∞∑
n=1

σk−1(n) e2πiz, (2)

where σk−1(n) =
∑

d|n d
k−1.

17



Example 1. Eisenstein series

For an even integer k ≥ 4 we define weight k Eisenstein series as

Ek(z) :=
1

2ζ(k)
∑

(c,d)∈Z2\(0,0)

(cτ + d)−k. (1)

Since the sum converges absolutely, it is easy to see that Ek ∈ Mk(Γ1).

Eisenstein series
possesses the Fourier expansion

Ek(z) = 1+ 2
ζ(1− k)

∞∑
n=1

σk−1(n) e2πiz, (2)

where σk−1(n) =
∑

d|n d
k−1.

17



Example 1. Eisenstein series

For an even integer k ≥ 4 we define weight k Eisenstein series as

Ek(z) :=
1

2ζ(k)
∑

(c,d)∈Z2\(0,0)

(cτ + d)−k. (1)

Since the sum converges absolutely, it is easy to see that Ek ∈ Mk(Γ1). Eisenstein series
possesses the Fourier expansion

Ek(z) = 1+ 2
ζ(1− k)

∞∑
n=1

σk−1(n) e2πiz, (2)

where σk−1(n) =
∑

d|n d
k−1.

17



Example 1. Eisenstein series

Infinite sum (1) does not converge absolutely for k = 2. On the other hand, the expression (2)
converges to a holomorphic function on the upper half-plane and therefore we set

E2(z) := 1− 24
∞∑
n=1

σ1(n) e2πinz.

This function is not modular, however it satisfies

z−2 E2
(−1
z

)
= E2(z)−

6i
π

1
z .

Weight two Eisenstein series E2 is a quasimodular form.
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Example 2. Theta series

θ00(z) =
∑
n∈Z

eπin
2z

θ01(z) =
∑
n∈Z

(−1)n eπin
2z

θ10(z) =
∑
n∈Z

eπi(n+
1
2 )
2z.

Modularity of theta series follows from Poisson summation formula.
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Example 3. Elliptic j-invariant

Probably, the most famous wealky-holomorphic modular form is the elliptic j-invariant

j := 1728 E34
E34 − E26

.

This function belongs to M!
0(Γ1) and has the Fourier expanssion

j(z) = q−1 + 744+ 196884q+ 21493760q2 + O(q3)

where q = e2πiz.

20



Explicit solution of the Cohn-Elkies linear prog. problem

Consider ϕ ∈ M!,quasi
0 (Γ1) and ψ ∈ M!

−2(Γ(2))

ϕ =518400q+ 31104000q2 + 870912000q3 + 15697152000q4 + O(q6)

ψ =q−1 + 144− 5120q1/2 + 70524q− 626688q3/2 + O(q2)

g(r) := −π
2160 sin(πr2/2)2

∫ ∞

0

(
t2 ϕ(i/t) + 36

π2
ψ(it)

)
e−πr2t dt

Theorem
The radial function g : R8 → R satisfies:

g(x) ≤ 0 for ∥x∥ ≥
√
2

ĝ(x) ≥ 0 for all x ∈ R8

g(0) = ĝ(0) = 1.
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Proof

Step 1
ĝ(r) = π

2160 sin(πr2/2)2
∫ ∞

0

(
−t2 ϕ(i/t) + 36

π2
ψ(it)

)
e−πr2t dt

Step 2
−t2 ϕ(i/t)− 36

π2ψ(it) < 0 for t ∈ (0,∞)

Step 3
−t2 ϕ(i/t) + 36

π2ψ(it) > 0 for t ∈ (0,∞)

Step 4
g(0) = ĝ(0) = 1.
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Progress on the Formalisation



A Brief History of Sphere Packing in Lean

https://thefundamentaltheor3m.github.
io/Sphere-Packing-Lean

1. March 2024: Viazovska and I kickstart
project in Lausanne.

2. July-September 2024:
• Ma and I formalise basic theory.
• I formalise much of Cohn-Elkies.
• Birkbeck and Lee begin formalising
facts about modular forms.

3. October 2024-June 2025:
• I work on formalising Viazovska’s
magic function for my Master’s
project at Imperial College London
under Bhavik Mehta.

• Birkbeck and Lee continue working on
(quasi)modular forms.

4. 13 June, 2025: Viazovska unveils
project to public at Big Proof 2025.

5. 19 October, 2025: First packathon!

Packathons are Mondays 11 am Eastern Time. They resume in January. See Zulip for updates!
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Blueprint of a blueprint

Basics on sphere packing Facts from Fourier analysis

Linear programming

Contour integration Basics of modular forms

Construction of the magic function

Proof on inequalities

∆8 =
π4

384

24



Sphere Packing Basics

Definition of sphere packing

Definition of the finite density of a sphere packing

Definition of the upper density of a sphere packing

Definition of sphere packing constant

Theorem: ∆P(E8) =
π4

384

Definition of an lattice in Eucledean space

Definition of a periodic sphere packing

Definition of the periodic sphere packing constant

Theorem: The periodic sphere packing constant
is equal to the sphere packing constant
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Fourier analysis and Poisson summation formula

Definition of the Fourier Transform Definition of the Schwartz functions

Lemma: The Fourier transform is a continous,
linear automorphism of the space of Schwartz functions

Theorem (Poisson summation formula) :
Let d > 0 and let Λ ⊂ Rd be a lattice.
Let f : Rd → R be a Schwartz function.

For all vectors v ∈ Rd, we have∑
ℓ∈Λ

f(ℓ+ v) = 1
Vol(Rd/Λ)

∑
m∈Λ∗

f̂(m)e−2πi⟨v,m⟩
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Formalizing Cohn-Elkies-Gorbatchev linear programming bound

Theorem: The periodic sphere packing constant
is equal to the sphere packing constant Poisson summation formula

Cohn-Elkies-Gorbatchev LP bound
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The Cauchy-Goursat Theorem

The following version of the Cauchy-Goursat had been formalised prior to this project.

Cauchy-Goursat for Rectangles
Suppose f : C → C is a function such that f(z) → 0 as Im(z) → ∞. Then, for all x1, y1, x2, y2 ∈ R,
if f is holomorphic at all but countably many z ∈ C with x1 < Re(z) < x2 and y1 < Im(z) < y2
and continuous on the corresponding closed rectangle, then∫ x2

x1
f(x+ y1i) dx−

∫ x2

x1
f(x+ y2i) dx+ i

∫ y2

y1
f(x2 + yi) dy− i

∫ y2

y1
f(x1 + yi) dy = 0

28



The Cauchy-Goursat Theorem

We have adapted this to the following unbounded version.

Theorem(Cauchy-Goursat for Unbounded Rectangle-like Contours)
Suppose f : C → C is a function such that f(z) → 0 as Im(z) → ∞. Then, for all x1, x2, y ∈ R, if f
is holomorphic at all but countably many z ∈ C with x1 < Re(z) < x2 and y < Im(z) and then∫ ∞

y
f(x1 + ti) dt =

∫ x2

x1
f(t+ yi) dt+

∫ ∞

y
f(x2 + ti) dt.

provided that the integrals along the vertical contours exist.

Re

Im

x1 + yi x2 + yi

x2 +mix1 +mi

m

∞
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The Cauchy-Goursat Theorem

Theorem(Cauchy-Goursat: Squares and Circles)
Fix w ∈ C and r > 0. Let γ be the quarter-circle parameterized by γ(t) = w+ r cos(t) + ri sin(t)
for 0 ≤ t ≤ π/2. Let

S = {x+ yi ∈ C | (x2 + y2 > r2) ∧ (0 < x < r) ∧ (0 < y < r)}.

For any f : C → C that is holomorphic on all but countably many points in S and continuous on
the closure S̄ of S, ∫

γ

f(z) d(z) =
∫ w+r+ir

w+r
f(z) d(z) +

∫ w+ir

w+r+ir
f(z) d(z).

Re

Im

w w+ r

w+ r+ riw+ ri
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Theorem
Let U ⊂ C be a convex open subset of C. If f : U→ C is holomorphic on all points in U, then
there exists a holomorphic function F : U→ C such that F′(z) = f(z) for all z ∈ U.

Theorem
Let U ⊂ C, f : U→ C and F : U→ C be as above. Let γ : [0, 1] → U be a smooth path. Then∫

γ

f(z) d(z) = F(γ(1))− F(γ(0)).

These theorems are already formalized in Isabelle. Working together with Auguste Poiroux we
have formalized the first theorem above in Lean (for now for U equal to the unit disk).
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Construction of the magic function

phi4-phi2-phi0

a-definition

a-Schwartz a-double-zeros

a-another-integral

a0

a-fourier

psiI-psiT-phiS

b-definition

b-Schwartz b-double-zeros

b-another-integral

b0

b-fourier

32



Proving inequalities

A(t) := −t2 ϕ(i/t)− 36
π2ψ(it) < 0 for t ∈ (0,∞)

B(t) := −t2 ϕ(i/t) + 36
π2ψ(it) > 0 for t ∈ (0,∞)

AHtL

A0
H2LHtL

A¥
H1LHtL

1

2
1

3

2

t

-8000

-16 000

BHtL

B0
H2LHtL

B
¥

H1LHtL

1

2
1

3

2
2

t

2000

4000

Original approach: approximation by truncated Fourier expansion and applying interval
arithmetic.
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Proving inequalities

Analytic proof by Dan Romik

Analytic proof by Seewoo Lee
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Can Machines Pack Spheres?



A Revolution in the Landscape of Formal Mathematics

2 months ago, I gave a talk at the Cambridge formalisation seminar.

I talked about how this
project was going and what the contribution process was like. A lot has happened since then.
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AI-Written Proofs Exploiting Bugs

One unfortunate thing about AI models is that they sometimes use unsound means to “close”
goals.

In PR #227, one contributor ran Aristotle on an outline file. Aristotle “closed” some goals
by setting maxHeartbeats extremely high and using exact?.

36
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AI-Written Proofs Exposing Bugs

Another unfortunate thing about AI models is that they are too trusting of humans.

I’m
flattered they think I’m always right, but I’d like to be told when I’m wrong. See PR #181 (Gauss).
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AI-Written Proofs Identifying Bugs

In one instance, Aristotle discovered a misformalisation by finding a counterexample.

Gauss
fixed it. See Issue #214 and PR #219.

The reason this statement was misformalised is that r is meant to be the norm of a vector. If a
human had worked on this proof, I’m sure they’d have spotted it too. However, I seriously
doubt their fix would have been to assume r > −2...
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The Bottom Line

AI contributions have, by and large, been incredibly valuable to this project.

They’re just sometimes a bit strange!

So, regardless of whether you’re human, machine, or something in between, please know your
contributions are valued!

Join our project!
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Questions?
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